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PRAFATIO,

Uem diuvtius fortafle , quam par eft, ex-
pe&tafti, Benevole Leétor, meorum O-
- pufculorum Tomum alterum , ne per-
geres fruftra expetlare, aliis typis impreflum in.
preefentia tibi exhibeo. Satius vifum elt, aliquam
in tomis difimilitudinem pati , quam abuti diucius
patientid tud. Si ed humanitate, qua primum ex-

cepifti, excipias alterum , ad rertium quamprimim

edendum quodammodo provocabis.
Opufcula



-

vi . S .
Opufeula duo jamdiu in publicam  fucem
prodierunt ;. nimirum difquifitio anaiy_ticm des

integratione formulz 42 Vit ezx per- arcus.
’ Wtz e
ellypticos, & hyperbolicos, qua italico idomate

imprefla eft in Colleétione Lucenfi ;>tum animad-
verfiones in formulam differentialem , in- qua inde-
terminatz ad unicam tantum dimenfionem. afcen-

dunt ; quee difquilitio edita eft 1n tertia parte le-
cundi tomi Academiz Bononienfis. Verdim huic
aliguot additamenta appofur, que , ut ipfe cognoQ
fces, maximz eruat utilitati. Reliqua omnia ine-
dita funt antea, & nunc primum in lucem pro-
feruntur .
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ANIMADVERSIONES

In formalam differentialem , in qua -indeterminate
AN - .
ad unicam tantum dimenfionem  afcendunt .
Difquifitio Mathematica . (a) '

cis multum verfati, qui arbitrantur, in formula diffe.
rentiali, in qua indeterminatz ad unicam folumodo di-
menfionem afcendunt, quaque ita cecumenice exprimi poteft

axtb+cy.dy=frx—+g-tby.dx, femper indeterminatas
pofle a fe invicem feparari ,ut illis feparatis ad geometricam con-
firu&ionem deveniatur. Verum fi illis dumtaxat utamur metho-
dis, quz ha&enus traditz funt ab Analyftis, puto cafum adefle,
in quo indeterminatarum feparatio nequaquam obtinetur. Ex hi«
fce methodis illas, quz . elengantiores nobis videntur, breviter
exponemus , & primum eam formulam cecumenicam eliciemus, in
qua non folum incognit@ feparatz inveniuntur, fed etiam. intes
gralis differentialis formulz exhibetur, & res omnis ad exponen-
tialinm calculum traducitur, .

1. Hujulmodi formula integralis lopgo quidem, fed non
difficili calculo inveniri poteft: per methedum integrandi fine
pravia feparatione, qua ufus eft Joannes Bernoullivs vir toto or
be terrarnm clarus in Ac. Petr. T.pr. Expolitz formule integra-
lis fupponatur efle. : )
AeiBrCy/ 7=M.FxrG+Hy 7, inqu

. . A . A 3 B‘l
(¢) Difgnifitio bac fimul cum additamenta primo typis emiffa eff ins
tertia parte fecundi tomi oAcademia Bonenienfis anno 1747

I Exiﬁunt plerique homines [ane do&i, & in rebus analyti-
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A,B,C,F,G, H,p,q funt quantitates conflantes | & in.
determinatz deiriceps per analytica fubfidia determinandz . Quan-
titas M eft conftans quepiam. A numeris tranfitus fiat ad loga.
rithmos , & orietur formula. :

p+ gl Ax+BA+Cy=IM~4p— g dFxt+G4-Hy
In hac differentiz accipiantur, ut fiat
pt+q.AdxA-p+4q.Cdy=p—gq. Fq’x—{— p—q.Hdyp
Ax+B4+Cy Fx-+G~+Hy
ZEquatio a diviforibus liberata hanc | formam accipit
p+9.AFxdx-+p+qg.CFuxdy p:i.Ade.x‘“—l-p:;_Adey
p+9.AG dx+p+q.CG dy=p—q.BF dx+p—g.BH dy

pig AH ydwtpa-g . CHaydy g CFpd s g o LYy
7 £ 7 7 ? 7 A I 2

quz, ut- collatio commode inftitui poffit, in hunc modum difpe.
nenda eft o

p+3.CEx+p+q.CGrpig.CHy prguAbx+pg.BE+pqg.CFy
e _

— —— — edy = — .
—p+g AH x—p+q.BH-pa-g JCHy —~9.A¥x-p-q AG-pg vAH;

11L, Jam vero hzc ultima zquatio comparetur cum 2quatigs
ne data, quz legitur num. L ;orientur zquationes fex, ex qui-
bus conftantium indeterminatarum valores licebit determinare.
)ptq. CF—pig.AH=0s|4)—29.AF=f

2)p~+4.CG—pt-qg.BH=515)p—¢.BF—p— 7. AG=¢
3) 24.CH=¢ ' 6)p—9.CF—p—g.AH=15,
Quando fex funt coefficientes determinandi, & duo exponentes ,

conflat, cum de cocflicientibus, tum de exponentibus unum pofs
fe pro arbitratu determinari, ’

}V. Ut exponentes p, & 4 definiantur, hujufmodi ineatur
calculus . Multiplica 2quationem ‘tertiam per quartam |, & habebis.

. Y
77 CAFH= waa " Adde primam ,; & fextam

a-+ph

8)2p.CF—2p, AH=0-4, ive CF—AH = ——
Detrahe fextam a prima, & erit *f

9)24.CF4-29,AH=2—5, five CFri-A H="""

q.
Addita
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Addita oQava, & nona proveniet’
a4-b . a—b o

10)2 CF::_Z——;* PR Deduéta autem oftava ex nona
orietur ' . o -
. a—Db d+b T . .
w2 AH= -~ — |7~ -Multiplicetur jam decima per un-.
decimam , & fiet ' -
) 2 e et —_r
4 ACFH:‘rb+-d—b !u_—-bh a-nb
are  4de b 4p4 lape
five 4 ACFH:“_-:E — I i—_{’j_: fed ex feptima
494 4rp
ACFH = —2>- : Er
4 s go
-—ml _—_l —_"—2 wm:
:i_[:_f:_wb__4»|.~_bﬁvé4+b__.4-«-_b 4f¢
g9 494 PP op ~_ 92 44

SUDIREROUR S
mam—

Igitar p gz at-b: ]/a~b‘»|—4 fe. Quarefi pon.at‘ur

p—a-t+h erit g= ]/;;:—-bzn&—q.fc : quz duz zquatios
nes valores exponentinm determinant. '

V. Antequam progredior , opportunum judico definire va-
lores G, B ex aliis conftantibus indeterminatis. Ex =zquatione
fecunda erit _ :

B = F;;;Cwa : & ex quinta

p—9- .
B= ptq.AG+z - Igitur
p—4.F ’
p+49.CG—b = p+q.AG-t+g ° Quare v

p+4.CFG—AHG = bF4-gH : Igitur
G = bF--gH - atqui ex decima, & undecima

;)_:{:;-»CF"“ATI

A2 conflat
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conflat CF — AH = ‘—‘{;b fubfhtuto valote 7 p Ergo-
G:sz:ng.:‘sz-&-zg ﬁ'Prop,&q:
rty — 2
a+b+]/a,—-h+4f‘¢

valores inventos N. IV, fuBﬁltuaS. : .
Similt ratione , & calculo invenies valorem B, fcilicet

—2bA— 227 O
B = = . h
a-+ b~ 1/4-—]; +4fc .
V1. Hifce inventis ex guarta nancifceris
F—=-—L1 ==L . Item ex decima

= Y =
2 q zd'/;:—b‘*'é}f‘

a -+ b ﬂ-b___n.—‘b;l/“"—b*lﬂ,ff

F = — —_— = A Igitur
¢ C [
4 F 4% 9 4C @ — bt +4fc
- f _ d—-b.;-l/d——b +4f€ Ergo
8 A T zC i
A:C: 1 3. gitur ﬂ fiat
d—'bﬂ-]/d — b®  gfc
=f ]
A= e erit
a—b -p]/:t — b +4f¢
=3 . Tum ex quarta
e —b l/¢_§z+4y‘¢-
- ; et ex fecunda
2 l/“ ~ b L gfc
H = - . Hofce valores introduc in formulas

Ve
exprimentes valores B, G, quz habentur N. V., & erif

hb.d—-b+i/«p\b+4f¢- -O;th‘ &

— ———e

— 3

'f‘+5+l/ﬂ-b +4f¢-l/a—b +~4f¢
, B =
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2bfk, 4,-b+fl/n ZVare

B =
tabV iy afe. -0tV 4T 4 g fe
hifce valoribus fubfitutis habebitur integralis formule datz.

e —

atht l/mz‘}-.;;fc .

. ifaque

._.fx

@b i-b 4 afec

~2bf-g.a~b+ ]/a'—b"+4fc

ai vV a bt afcoa—btV acb tasfe

wfem ; J,

e g e

¢ +b-} a-b"tafc

—— et e

x.a—-—b—!-a/.tmbz_;_‘;f‘c -
2 l/n-bz.p.4fc

4-boa-bt ‘/w—bz-._ 4fc +28¢

M. ep— —_— —

as.b+ 3/a-bz—.~4fc. a-ba4fe
w5

VT e

VIL Hujufmodi integralem formulam non attente confide-
ranti videri facile poterit , propofita differentialis formulas
integrationem femper admittere, aut ad formulam reduci przdi
tam_cxponentibus conftantibus. Verum fi refte advertes, inve-

integralis formula nequaquam..

nies plures efle cafus, ad quos i
petrinet. . o _ ' . ,
VIlL. Primo omnium pones — b = — 4 fe, ita ut

/ 7TF 4 afc =0, que fuppofitio applicata inventz inte-
' : gra-
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x . a-b bia—ba2gr :
grali, dabit ———— - ———m— ¢y ==0. Hanc zqua.
z a4+ . . « ye -

tionem fatisfacere propofitz ®quationi differentiali experienti
palam fiet. Verum, vt paullo infra,nempe N. XV. conflabir ,
aliam methodum in ufum traducens plane cognovi, preter li-
neam reftam, quz ab ultima zquatione exprimitur, alias quo-
gue curvas ad noftram differentialem pro hac hypothefi petti-
nere . e v

IX. Deinceps fi 1/7__—1,’+ 4 f¢ fit quantitas imaging.
ria, quod eveniet, ubi alterutra ex {peciebus f, ¢ fit negativa,
& reCtangulum £ ¢ fit majus quarta parte quadrati 4 — 5, for-
mula omnis cum in exponentibus, tum in coefficientibus imagi-
nariis abundat , quas quomodo expellas, non video, neque for.

tafle expellere poteris , nii ad formulam differentialem regre.
diaris. Quapropter pro hac bypotheli integralis inventa eft pror-
fus inutilis, neque ad ullam nos conftru&ionem perducit .

X. Hzc autem ab aliis animadverfa fuiffe non ignoramus;
& vulgo notum eft, in fuppofitione N. VIII,integrationem for-
mulz ad Hyperbole quadraturam pertinere, in fuppofitione fe.
cunda N.IX. etiam ad circuli quadraturam : quam rem alia adhi-
bita methodc patefaciam. Verum alia adeft fuppofitio, in qua
res nondum perfetia eft, neque conftat quo paéte ex formula
differentiali curvam conflruamus. Ea autem eft,quum fe=—=u};

qua in hypothefi conftat l/a b wafe=a+b. Quid
autem in hac hypothefi eveniet noftrz integrali? Nimirum illa
rite operatione inftituta in hanc mutabitur

2 b j::-_z_gi -+ — M : f
0. a v "__h__h‘___"_._..f, ‘quz ad nullam de-

: 2

ducere conftruétionem poteft, propterea quod in illa addenda_
eft y quantitati conflanti infinitz. Quz hypothefis: calum com-
plectitur abfolute integrabilem, quum feilicet 2 = — 4, feu
4+ b —=o. ’ . ‘

XL Quz cum ita fint tametfi integralis inventa fepenue-
ro utiitati effe poffit, tamen in illis cafibus, quos iila nequa-

quam
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quam attingit, alia methodo uti , neceffarium eft . Quapropter
fingolatim omnia contemplans ajo primo, zquationem ubique
fore integrabilem, quotiefcumque 2 = — 4, Nam tranfpogtia
terminis erit s.xdy +pdx ~+bdy+cydy =fxdx+gdx,
que integrata, dat A -\-axy ~by-+cy _ Fo' g w.
_ i

Hanc autem zquationem ad conicas fectiones pertinere , pemo unus
eft, qui ignoret; imo fi' f ¢ = b,de quo cafu mentionem feci-
mus N. X., five in hac hypothefi f ¢ = — a a, erit ad para
bolam. Quantitas A eft conflans addita in integratione.

XI1I. Deinceps ajo, fi f & = a gz obtineri indeterminata«
rum feparationem ope fubflitutionis /x ——g by =y

—e—by+zy,

Namgque tranfpofitis Terminis crit»—==

I
—bdy2dy 313 paifane

Igitur differentiando 4 x =

opportunis fubfiitutionibus nofira formula mutabitar in hanc

—ga , ~ab +azydy —bzdy e 2ydy ...'y:zdz.
e d] —_—ydy ———— e e i e B e

f v / f !
A-bdy —cydy

Deletis autem duobus primis terminis , qui ex fuppofitione f6 —ag
defirnuntur , faftifque neceflariis operationibus formula in hane

mutabitur

ab—cf —ydy ':’:,_5 —zydy ~e—ydy =1RAX:

five dy . __RER , in qua inve-
¥4 K(-——K.t‘l—i—b““—#b-—ﬂf .
niuntur incognitz feparatz. Si fit @ =— — A utrumque zquationis

membrum ad logarithmos pertinebit , ex quibus i ad numeros hat
tranfitus, invenictur xquatio numeri fuperioris nofirz hypothefi

accommodata . ) ’
X111 Ut inventa formula ad magis notasredigatur , fiat

I o3,
— b —a—b
RX—R “Z’Jk—bv—kl-z:t;_—_rz_‘.Igitur,K —4—;-—:;,&

4
d z = d ¢, falifgue neceflariis fubflitutionibus obtinebimdus
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Cedede.a+b ‘ tdthi-'dr.z-z:}}
— d}; . 2.—— : . .3

——— e e e— e ey

Y n— | b ab—cf  tr—|a b —cf

4 cme 4,
XIV. Tres jam cafus oportet diftinguere . Aut enim

=72
a—h
—— - cfeft quanrltas pofitiva , aut = » aut negativa.

Sit primo quantitas affirmativa, eaque fiat = m». ltem fiat

a
b _ . Quare formula in hanc mutabitur.
2
—dy _tdi4-mdr _m—+n dr n—m. dr
}/— T tt—ann | wn  t—n 2z tbu
Qua’. omnia 1ntegra.ta per logarlthmos dant
m—t
JA-I;/-" ARy P lt+7z & fallo tranfitn
2% m—+n n—m
—— 22 ——2a
a logarithmis ad numeros — — ¢z—u b7 .

Huic autem formulz fi rc&e fubftitutiones adhibeantar, proveniet

Ty T T T T T T —-m
A

n m . n
b b—a :
...ufxﬂ—g+~-;f——ny fx+g+———y+ny

non diflimilis 1”1,qu1m _per primam methodum univerfalivsin-

venimus N. VL. In hac itaque hypotheﬁ curva aut- algebraica
eft, aut exponentialis,

_ _ ___'“"
XV. Ad alterum cafum accedo, in quo i—zé ~+cf=o.

In hoc formula ita fefe habet
—dy _sditmd: dy dr _ —mde

__——-l——— Ve—'—'—!——‘—‘,‘-_"’ - @

- ' P o

Huic formulz, ur ab aliis demonﬁratum eft , duplex zquatio
{atisfacit , altcra quz {ine integratione s altera, quz per inte=

gratio-
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grationem obtinetur. ‘Prima eft y ¢t = o, five per fubftitutiones
! . - P + [} g 7

regrediendoy X — y+ ——— == 0, five
. ‘ 2

at+b ' b—a
fotgtby—y.—— =fxdgty. =0
quz prorfus eadem eft cum illa, quam per primam methodunt
invenimus N. VI11I, dummodo. prefenti accommedetur hypothe-
fi. Altera’, quz per integrationem obtinetur , eft hujufmodi

— A A l}/+l z ::’:— , que dependet a fola hyperbolz qua.

i, S

dratura . —_—
_a— b R,
; == ¢ feft quantitas negativa ,hoc

0
»
]
=
c
b,
=
=
-
o

— de dr . .
_._d_}." . ter LT A quz integrata exhibet

Y tr-am om o gp-van
: — m .
IA—Ily=!ysijan -~ 1n arcum circularem , cujus
n

radius = 7, tangens = #. Quapropter in hoc cafu zquatio de-
pendet cum a circuli, tum ab hyperbolx quadratura. '

X VIIPrztereaajo, in fuppofitione ¢ g = 4 & obtineri indetermi-
natarum feparationem, fi utaris fubflitutione 2 <~ 6 +cy =z x,
& indeterminatam x ab mquatione expellas. Quoniam idem eft
calculus, eademque confeéaria ac in hypothefi fuperiori, liben-

ter omnia omitto, atque analyflis relinquo,
K V1L Poftea ajo, ubi nulla ex predittis -zqualitatibus lo-
cum habeat , faciendam efle privs hujufmodi fubftitationem
b — 2 ’
y =z L—»—w—.—g , atque adeo 4 y = d . Hac autem fa-
ab-—1fc _ . .

&a proveniet zquatio

axdx—+bdx zdz=frdx-tgdx _ —+bxdx,
tefh—az SR AVETTI I
abgfc"K abh —fc

in qua adfunt conditiones fecundz hypothefis, quz N. XI1 habe-
tur, ut patebit confideranti mgt_mles efle hujufmodi quann;abteé;‘
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Y A ah Fh—a2 . :
fo-r-fe.fb—ag — aga b-fb 748 | Proinde per me-
abh—1fc ab—f¢ o
¢thodum fecundz typothefis conftructur, & eadem prorfus eli.
cientur confeflaria. cr—bb

XIX. Denique 2jo, per fubfiitutionem & =z~ TT

ab—fc
oriri zquationem praditam conditione hypothelis tertiz , nempe
N. XVIL atque adeo in fuis indeterminatis feparabilem.

XX. Obtinuimus itaque indeterminatarum feparationem in
omnibus cafibus illo dumtaxat excepto, ubi oh=f ¢: quo in
cafu nifi adfit altera ex conditionibus, que continentur in fecun-
da, & tertia hypothefi, fubftitutio, qua utimur,implicat quan-
titates_infinitas, atque adeo analvfeos fubfidia inutilia reddit,

X X1. Ad feparandas indeterminatas in propofita formula
poflem quoque 2iia methodo” uti, quam paucis exponam . - Fiat
x == 2 - A, y = n-+ B, A, B funt quantitates conflantes
determinandz in operationis progreflu. Faétis {ubflitutionibus
oritur xGuatio .
axdu +abduy Acudu =f2dx 4 fAdy +budy.

+ bdu =+ gdz
~+cBdu ~+4Bdz
Per determinationem duarum conftantium A, B, ejicio ab zquae
tione utrinfque partis fecundos terminos, ponens
sA+b+cB=0 , &fA-+ g+ 5B =0:ex quibus
oritur A = 27 -/J—b , B= fmb___a‘g
. ab—fc ab—fc
azdu+-cidu=fzdz -+bud: que,quum in omnibus ter
minis habeat indeterminatas ad camdem poteftatem elevatas, per«
tinet ad Canonem Gabriclis Maafredii hominis do&tiffimi. Qua.
re fiat # == s % & poft non ita multas operationes - invenietuy
~dz ads =+ csds .
—— = . Ex qua formula prorfus eadem

R L eSS HA~as—hs—f :
sonfeGtaria elicies, quz fupra commemoravimus.

XX1I, Verum neque hzc methodus quidquam prodeft, dum
#h= f‘c. Si in hac hypotefi foret etiam ag = f b, ex quibus
duabys bypothefibus tertia elicitur, nempe b & = ¢ g, res eflet

per

. Hinc zquatio erit
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pee fe patens ;.'_ Nam noftra zquatio rite &i-fpoﬁta fieret

axdy bdy - crdy = —;’:— axdx—t-bdx—tcydx, que
dividi poteft per ax = &+ cy , eaque divifa oritur dy = fdx .,
v : a

quz integrata dat A~y :[; . Dua itaque ®quationes propo-

fitz faciunt fatis, nempe ax—&-+cy=o , &A-—[—y:—f.
73

XX11I, Verum quando in hypothefi 24 =f¢, quantum.
quidem fcio , res nondum confe&ta eft ; ad feparandas incognitas
methodo wfus fum non ita ufitata , quz me vofl compotem

_effecit, Traditam zquationem hac ratione difpono

y. bdx — cdy._kvgdx—bdy

2 o e O e e

ady -—— fdx ady—fdx
x=Stdy,&dx—rdy, & erit

y.htdy—cdy gtdy—bdy

. Utor fubftitutione

= v — , five -
Sty == T dy T ady —frdr P
Stdy :__/yi-;—:—c— —t—g-f:_—k— . Accommodemus formulans

, a—ft a— ft
noftrz hypothefi, & cum fit & :]:f , fa@a fubftitutione habebimus
. “Z

. . A — s ; o , -l*_ﬁ
Spdytofer—ac  gr—b ey & ’
B o of — fF e —fr & a"*/‘f
& differentiando,D deflignat dbiﬂ"erentialem quantitatis fubfequentis,
4 ‘ P I r—
sdy Y D&Y fvedy=—- D E,
? e f? ? 4+ “""f’
a

in qua inveniuntur incognitx feparatz.
XXIV. Quantitas, qua fita eft fub figno D, differentietur
) ga—fb. dr }
& erit dy = P, - Antequam pro-

f : a
¢+: . 71 - £
B2 . gree
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. . . ) . . . .. . . - — d
gredior, adverto, quid eveniat 1n fuppafitione - = ;r"'; -
tunc enim formula mutabitur in hanc !

ga—fb —d¢ -

dy =42 10 —— : Igitr integtando
f PR
—
T
e 4 — 1 .
J=A A e e &
f a 7‘ AN
[ 2 ~
ro Lea
— e ¢
rdy=dx SEASmAN —-—f;— , & integtando
! 2 -—-r3 :
;
j— b . )
¥ =B f)—”‘_-'f_v ;i_tz .
f zf.-f——-t *i — ¥
I3 Y

XXV. Inventi valores indeterminatarum x, #, qui algebrai-
¢e dantur per # , oftendunt curvam efle algebraicam ; imo fatto
calculo ;nvenicmus- efle feétionem conicam . Et quamquam incals
ga—fb

5T =0 formulz videantur deficere,tamen facto calculo

reperies zquationem ad lineam re®am, quz alteraeftex fupra tradi-
tis, ubi in hoc cafu ®quationem examinavimus N, XXII. Verum

duz hypothefes 4 ::[f s — -Z— = 2 evidenter tertiam infe-
a o
rant @« = — h: qua in hypothefi femper propofitam formulam

integrabilem effe, fupra monftravimus. N. XL - :
XXVI. Quare hac hypothefi omiffa univerfaliter formulam

ayae . & b ¢
traétemus ; quod ut facilivs fiat, ponaturg*—-—f—- =ms - —=F
a . md ¢
F Tesinu fitdy =—-—__ , que juxta notas me

ttpeg i
thodos trafata exhibet

4y =
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‘ Cwmdr mde mde
dym s o

= vl fe SN\

pqpt pgg—F o pbg.g— 2
integretur, y ==/ A +27:l:p — IT:;: —+ A

—— e

: , ptq.9—¢
fumptis logarithmis in logiftica ; cujus fubtangens = _—_—Wf;- .

= p+a
XXVII Itaque fi ope logarithmicz defcribamus curvam refs
pondentem ultimz 2quationi, in qua # fint ordinatz, y abfcif-
fz , [patium inter curvam , & coordinatas comprehenfum divifum
per unitatem — x = § ¢ d y. Verum hoc {patinm , atque adec
valor x per logarithmos invenietur. Eft enim

by = d = T iy -
p-+q“‘t~l-p- p-tq9 .q—¢ pi-q g—¢
five ' J
mdr mpdz mdt
dx—=———— 4 -_—

— = = .
P9 p+qz~p p+1q
mqde mde -+ mydt

e ———— — e e e

porqgg—t  ptqg-g—t p-rgeg—F .
Nam i fummentur fingula terminorum paria, fuperior redibit
zquatio. Ultima zquatione expurgr;ta erit ;
mpde T mpde magde
dx‘—:-——P;*’— e "—“’E’-— e,
ptrgett+p .P-i-q.-q—t p-r-q.q—‘-t.
quz integrata fumptis logarithmis in eadem, qua fopra, logifiica s
———— —— M m q
fiet x = —ple—p A-plyg—t HIB e ——
pr4qr:r9—%¢
XXVIII. Hze methodus ubique confiru&tionem fuppedita-
bit. Verum elengantins fortaffe fier , fi vulgari methodo prz-
termiffa , aliam fequamur rei noftrz accommodatiflimam . Invent2

jam eft zquatio N. XXIIL

dy=
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dy=— D — , €x qua oritur - -

1 H . A
—— =y, & ——— = W, ]gitur erit ™~ -
c <

2= o~
V]

a
dy=udz,& dx=Widgz.

XXIX. Nihil jam reliquum eft, nifi ut videamus, ad quas qua

draturas pertineant formulze » d 2, Wdz. Ajo, utramque ad
hyperbolam inter allymprotos pertinere. Etenim fi recte utarts

o 1 - - . . . 7 b
formulis fuppofitis N. faperiote, invenies # == 4xr e »
‘ - & iz
a—cn . I
7= 714_ , demum 2z — a::z.VTf . Ergo
az~+b A=y ag—+b c W

—_— i = e, D
% PP e o TTaW orro utraque
xquatio pertinet ad hyperbolam inter affymptotos. Hac autem
ratione conftruuntur, , ‘ .
XXX.Reéte(Frg.) A a, Qg fefe ad angulum reGum interfecent

inpunéto C. Sumatur C A = Ca == 28797 Excitentur
2 a ' & —+fc .
AB= ab = ;;:l_:)?; & inter affympotos Qq, Aa deferis
bantur hyperbole oppofitz tranfeuntes per pun&ta B, b. Suma-
turCD—_—ﬂi__c_g & CE — af & per E aga-
~+fe? - aa—+ f; » X P

aa
tur EGT,&FD G per D panallel aflymptotis,erunt G T =%

TS = u: Ergo fpatium FGTS = Sudz =y additaflilubet
vel detralla aliqua conftante. udz=y 2 ’

XXXIL
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KXXL Tuim fimatt EX = A B= ,Tff}? , & per K agas
tor h X H parallela C A, qua cencurrat-cum A B; a I in pun<
&is, H, h: Normales reétz K H excitentur HI=hi= bf’qc._,

‘ ) . Co : az—l-f(.‘:
& per pun&a I, i defcribantur inter afflymptotos H h, Qq hy-’
perbolz oppofitz, quarum altera concurrit cum F'G inL :erunt
GT=2,&TY —w, & fpatiom LGTY = Swdz=dx:
quibus inventis nihil jam difficile eft, fuppofita hyperbole qua-
dratura , requifitam curvam defcribere, cujus progreflus pro vae
ria coefhcientium proportione ‘varins-evader. - - , :
XXX11. Hoc genus conftru&tionis videtur locum non habes

¥e bl 74 —+F ¢ = 0, nasr omues hyperbularour parametri—in-
finitn -evadunt. Verum in hoc cafn hyperbolz tranfeunt in lis
neas reétas, ut apparet ex formulis harum' curvarum defcriptis
N. XXIX, que in ea hypothefi tranfeunt in formulas linearum
re@aram : led hunc calum jam pertra&avimus N, XXIV. Sis =0
noftra conftrudtio deficiet quidem, fed advertendom eft, tunc 4
fieri infinitam propter zquationem, quam fupponimus, &= —

Quod fi non minus ¢, quam ¢ = o, formula eadem methodo
pertratata, ad abfolutam feparationem perduceretur. Quod fi exis
flerct tam 2 = o, quam f == o, aut et1am ¢ = o, res-nihil ha-
beret difficultatis. ‘ :

XXXILIil. Dixi, exifientibus non minus # =0, quam.
¢ == o, formulam eadem ratione perrradtatam ad feparationem

perduci, & ad idem genus conﬂru&ionis: gned quamquam faci-
le eft, tamen breviter calculum indicabo. Aquatio enim huic ca«

, . . quatio.
fui accommodata eft hujufmodi S¢dy—= __).r.ﬁ _§;__;_"f .
bdy et |
Ergo differentiando #dy-+ __f_y = __f'g’_;_;"_b , five
—gt+b ' - P
! D & J&rdy=—dx = ’fr —gEy

D=FF T A T
ad quas formulas quum fit 2zquatio perduéta, nihil difficile erit.
i ope
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ope duarum hyperbolarum ex noftra ratione confirnGionem 3p.
folvere . o

XXXIV. Unus cafus reIi_quus eft, ad quem hujufmodi con.
firu@io nequaquam fe extendit, quum feilicet ag — 4 f—o: fod
hic cafus conjunétus cum cafu noftre hypothefis 2 b = f¢ | qui
trahunt tertium 5 b = cg, pertraftatus eft N.XXIl,

XXXV. Si zquationem noftram hac ratione difpofuiffem
X ady-fdx ‘+ bdy:_gdx &\gofﬁiﬂem ’“Std
ST hdx—cdy © Bdw—cdy T Tolem =Sk

eodem prorfus calculo ad feparationem deveniretur. Cafus autem,
quo fruftraretur methodus, eft quum 4b—gc=o0, qui prorfus
coincidit cum cafu methodi fuperioris, qui defcriptuseft N.XXX1V,
- r :c-methodn %4 HApli
citate , & elegantia ornata eft in hyporheli bo=fc, cni dam
accommodavimus, qua hypothefis frufira alia ratione tentatur:,
tamen ctiam extra hanc hypothefim {eparationem indeterminataram
obtinet; quod breviter indicare {ufficiet Repeto itaque 2quationem

ybhdx—cdy « gdx—bdy

ady—fdx = ady—fd=x

J.bt—c gr—b

.Flatw =Sz dy &erit

Srdy= 7 o quz differentiata dag

dy.bs— — -
pdy="00r—0  ptrTe | pgtTh g

-t a—fr " Ta—fe?

ady a—ft : bht—c a—fr gt—b
Y T T, Doy =P
| at-fr* ~ht—e  a-—f¢ yorrfibric
Fiat ”;ﬁ*.__ brot -ds

o« D — = —=, &sdabitur faltem
at—fi* —hr-+¢ a—ft 5 :
;ranfcendenter per 7, & erit

y o ds a—ft r—b o
e SR A . Dg——— Ponatur

N s —_—— 7

Yeat—fr* o p
dy | as g TIE b ., -
K] + T T Kys=u,&y= e quibus  fubftitutis

du



a4 _ f_:{_f___s_._:.______ D@.’_"_fb_ five

t. at—fe¥ ~br-+c-

dy— ° ft.s Dt r— b

atftt —hr—+c 4 —f¢
XXXVIIL. Eadem methodus ad feparationem duxiffet , {i poe

fitum fuiffee dy=Szdx. Sed hac fatis eft indicafle. Quibus o-

mnibus rite perpenfis apparebit, nallum effecafum,in quoin pro-

pofita differentiali zquatione indeterminate feparari non poflint,
ima non paucoscie cafus,qui pluribus rationibus ablolvuntur.
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cum incognitis feparatis.

2 A _ M
SAGNILBIICTATHTN premdin

XXXVIIL Methodus, qua ufus fum ad obtinendum inde-
terminatarum feparationem in ultimo cafu propofitz formulz, o-
mnibus formulis accommodari poteft , qua in hac zquatione cceus
menica continentur » == y M~ 2 N, in qua M, N dari fup-
ponuntur per d x, d y, & conftantes. Primo quidem fi M = o,
res ita liquido confiat, ut nullus fit dubitationi locus. Quare
hoc omiflo id demonftrandum aggredior de formula omnibus ters
minis conftante . Quam ob rem hoc mihi premittendum eft.

XXXIX. Si in formpla Mdx-+yNdx—=dy dentur M,
N quocumque modo perx ,& per conftantes , indeterminat fem-
per poterunt leparari. Nam dividatur zquatio per y, & fiet
Jl/l——-d-f = %Z—*Ndx.PonaturNdx:d—E’ atque adeo

N/ .
SNdx — / z; quare x_data erit faltem tranfcendenter per & .
. - . Mdx __dy dx
Fala fubfitutione erit ——— = — — —. Ponatur
d d d 1 y <
£y _ X »:’, & erit % = ¢, &y T z2¢. Derallis iterum

i
< dx _de Md s«

o . M .
{ubRitutionibus orietnr - — = —, five —— = d#inqua,
Rt 4 2

C - quum
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quum =z detur per :x , incogaitx feparatz inveniomtur
XL. Separata hac formula , quemadmodam alii Geometrx
docuerunt, venio ad formulam » = y M -+ @ N,inqua M, N
datz {upponuntur per d x, dy, & conftantes . Adver_te oportere ,
ut quantitates M, N nullivs fint dimenfionis; fi enim fecus ef-
fet, lex homogeneorum non confervaretur: Ergo fi pro dx fubfti-
tnam #dy, differentialia ex quantitatibus M, N omnino abibunt,
Quapropter pono # —Szdy, & dx —tdy, & fallis hifce fub-
ftitutionibus d x, dy evanefcent in quantitatibus M, N, & fo-
lum in eifdem inerit # . Quare ®quatio hanc formam accipiet
Srdy =yP —+ 2Q, in qua P, Q dantur per 7, & conflantes.
Sumantur itaque differentiz tdy = Pdy—+ydP—+adQ , aut
y.dP  adQ . T

dy “"‘“t — P — t—:--l;, I quaeguatione - qim—aaint—€et

ditiones N. XX XIX., poterunt indeterminata feparari. Quarte
Yicebit femper confiruere curvam, in qua y fint ablciflz, "7 ordi
natx. Atquix = Stdy,idelt ®qualis {patio curvilineo curva mo.
do defcripre divifo per unitatem : igitur per hojufce quadraturam
defcribetur etiam curva quazfita . Qua quum ita: fint liqnido con-
ftat, zquationes, in quibus x, y unicam dumtaxatebtineht dimen-
fionem , tametfi 4x, dy quibufcumque afficiuntur exponentibus
intepris, aut fruétis, feparationem indeterminatarum recipere.
XLI, Unum aut alterum exemplum methodum declarabit.,
& aliquot nen {pernendis animadverfionibus locum dabit . Data
—f-ﬁ_ adx . Fiat x — S ¢ 2y, & peraltis
neceffariis {ubflitutionibus fiet Sedy = yr + ai fumptifgue
differentiis 2dy = yds -1~ 2dy + 2 azdz, qua deletis termi-
nis fefe defiruentibus exhibet — ydr — 222 d#. Quum hzc 0t
divifibilis per d¢ , dat ‘zquationes duas nimirum 4 Z o,
— 3y Z 2at.
XLIL Si primam integremus habebimus ¢ T A - Ergo
» ZSAdy, & integrando x —- Ay B, quz pertinet ad li-
nedm reftam. In hac formula duz conftantes inveniuntur , qu&
addite funt in duabus integrationibus. Verum quum in zquatio-
ne, qux conftruznda eft, non adfint nifi differentialia pridm‘i_ or-
inis

fit zquatio x
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dinis, videtur unica_dumtaxat conflans locum habere poffe; qua
de re altera ex conftantibus per 2lteram determinanda erit’. Ut
hoc fiat , accipiatur ultima formula » — Ay -+ B, differentietur
d » — A dy. Hi valores collocentur in formula data

ydx  adx _ 2
= -+ —d—;—— s &erit Ay--B=Ayp—2A" . Hzxc.
y
" e . . 2

autem quum debeat efle idemtica, fiet B — 4 A~ . Quare vera

integralis x — A y -+ a A%, \
XLIIL. Ad alteram =®quationem venio, nempe —y T"247,

— ~yd .
five r = =7, Ergo x —g %), Igitur integrando
r 2 a

T
v — A — AR quz pertinet ad Parabolam Apolienianam, Ut
P

4 . . .
determinctur valor conflantis A, valores x, & dx {ubflituanturin

z 2 2 2
_ =2 ay =J

—_— =

4 @ 2 a 2 4 a3

z

. . . 4
formula data , & invenietur A ———— —
4a

. — ‘ Y 4
ex qua colligitur A = o: Ergo vera formula erit x =

XLIV. Si data zquatio methodo vulgari tra&etur, boc e-
nim facere poflumus, exdem integrales zquationes prodibunt .
Namque adhibito epportuno calculo inveniemus

—zadedrdy gy Vijax—yy =z, &etitdy—dz,

dy = —————" s
Vaax—-5y L

& integrando y —- A T 3 T \/4-ﬂx+yi,28;xy+AA

yy+-2Ay+AA T 4aa-yy:Ergo VAR

coincidit cum fupériore. Altera zquatio nafcitur , fi fiat

— J4ax-t3y —o. Ergoqax=—y5y. .
< XLV. Hac proprietas duarum curvarum refpondentinm no-
firz xquationi differentialt , ubique obtinetur , quum y non

- . d .
multiplicatur nifi per 7; ; qumfc f:&o calculo f{ecundum noi:‘:m
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methodum , evaneflcet @7 ex zquatione, que propterea . et dis
vifibilis per d z; quemadmodum quifgue experiundo comperiet ,
XLV, Exemplum alterum defumetur ab zquatione

3 2 2

w:i'_‘gf_)._ —_ fui’:ﬂy—-.l’onox =Stdy, &dx Zedy,
3 dy?- _

fa&ifqujel neceffariis fubftitutionibus S#dy '_;_'J’fg —art —a, &

fumptis differentiis #dy =8 dy 3¢ 4t —2 atd.z“,' five

t—3 ., dy =358 dt—z2azrds, five

dy 3rde —2adr dy 3tde  —aade
SE= e aut - T I T T
Yy 1= y.1—~rr, ¥ 1—rt y.I—12

a . L :
Ponatur d—{ — 32ds o -g,&mtegrando ly -2 l1—re Tz,

y L e ¥ 4 e # p :
demum y = :_—%: 1, & pera@is fubflitutionibus.
1i—zz2*

P —zadt.1—2¢7 _ —2adt. 1—rr
2= S —— = ‘—ﬁ—i~—-~— : Ergo
88 . 1—22 2
dz

;—;‘: — dr./1—z#: cojus conftrutio, ut notum eft, dependet
a circuli quadratura,

XLV, Methodus hzc ctiam in cafibus aliis multis utilita.
1i effe poteft, ubi « {olum linearem obtinet poteftatem . Nam [
fuerit » = M, in qua M detur quomodocumque per ¥ 4d %, d ¥,
& conflantes, pofito x - Srdy, & dx — #dvy, faltilque {ubfli.
tionibus fiet Srdy = N\ in qua Ndabitur per y, 7, & conflan.
tes, neque in ca differentialia locum babebunt. Sumantur diffe.
rentiee, & erit zdy =4 N, in qua d N dabitur per y,7,d7,d¢
& conftantes ; fed ita, ur differentialia hinearem tantum ob-
tineant dimenfionem .  Si in formula 'hac inventa methodus
exiftit {eparandi indeterminatas, ut aliquando accidet, res
erit perfetta; fin minus, noftra methodus quoque deficier. Ve.
rantamen per}llam xquatio, in qua diferentialia affea funtex-
ponentibus quibulcumque vel integris, vel fra&is, reducitur ad

ZqUa=
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zquationem’, in qua differentialia linearem tantum - obtinent - di-
menfionem. ‘ :
XLVIII Exemplum unicum propono. Sit zquatio

2 2 3 3
et 007 b
dy dy o
Stdy "y ayzrz --|—éy§r3 & ce., & differentiando zdy —zdy
ey dt—2ar ydy2ayrd -3 b5y dy —r—géﬂg Sdr &ee

2 2 2
five—yde—"aar ydy-r2ay rdr+3 b:gyzdyﬁug b_'}'gt. dr&celn
qua quoniam licet feparare indeterminatas, utilis eft methodus . Fiat

, &ce. Fa&i x» = Szdyoritur

— —_— —zdr
igitury 272z, &—y ::—t’-“, & erit ——~;‘~_~1.a R AR+30 {d XS

3
five — Zaad 2 + 3 b d % & ce. Et integrando

lA*“lt:zdz‘-—i-% b2t &ce. In, qua quando

habentur incogaita feparatx, conftru&tioeft in poteftate . Hee di-
¢ta volo ut appareat , non omni methodum utilitate carere.

Additamentum alterum (a) .

Cajetana Maria Agnefia Femina Clariffima in analyticis in-
flitntionibus xquationem ax—b-cy.d y=fx+-g+by. dx
pro cafu, in quo a4 = fc, mettiodo longe diverfa abfolvit.Qua
methodus propter elegantiam fuam digna vifa eft-, qua hoc loco
diligentius exponatur, ne quid pertinens ad nofiram zquationem
defideretur. Subftitutio hzc ufurpanda eft y =Az — By, &
fa&a differentiatione dy = Adz—-Bdx,in quibus A, B funt

nantitates conftantes determinand in operationis progrefiu . Pe-
ra&is fubftitutionibus zquatio hanc formam induic

a—+¢B.

(a) Nunc primum in Iucem prodit fimul cum aliis duobus qua feqnsinm
tur additameita
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s eB.Axdz+acB.Brdx-+bAdz+bBdsrcAdy
+cABdx=fthB.swdx-r+gdx—+bAzdx. '

Ut zquatio fiat brevior per congruam determinationem fpea
ciei B eliminetur terminus x 4 z: quam ob rem necefle eft, ut

B — — £ . Hoc autem valore introduto oritur zquatio
A ——
Y
bAdz— de dx+-cA2(d(_~aAz_dx:)ﬁe fc— . % dx

—+gdx—+ b Azdx. Quoniam vero in roftra hypothefi f¢ = ab,

. a . _ .
erit f — — o Ergo terminus x 4 » abibit ab zquatione, qua
¢ .

- . ; A2
proinde formam hanc accipiet translatisterminiss AdT T A TAZ
bAdz—+cA’zdz

- 3

g 4_E.dx-q« A.—;::/;.z,dx five
¢ a —_

g+—-+A.a-+h.z

c
in qua indeterminate exiftunt feparate. Quantitas A pro libite
determinari poterit, dummodo non fiat — o.
Simili ratione fi utaris fubftitutione » — Az + By, & ar-
ceas x ab zquatione , pro eadem hypotheli f¢ = 2/ zquationem
a permixtione indeterminatarum liberabis.

Additamentum tertium .

Blandior mikimetipi non mediocriter , quod methodus fepas
randi indererminatas in formula % =~ y M —+ N, in-qua M, N
datz {upponuntur per dx , dy, & conftantes , quam in. addita
mento typis mandavi anno 1747, adeo probata fuerit Allember-
to Analyfiz acntiflimo , ut eam primum expofuerit in tertia.
parte Difquifitionum in Calculum Integralem, quz edita eft in
tomo quarto aétornm Berolinenfium anno 1750. Juvabit: hic in
latinum ex gallico fermone convertere , qua {cribit Analyfia ma-
ximus, ut Le&or facilivs non injucundam comparationem poffit
snftituere. Accipe Allemberti verba.

Suppo-
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*Supponam ubique, guz fequantur ; propofitiones
Ydx  _dz ek »
» X B a t———;,& __-‘—i—-aut: —— & ce.
PROBLEMA.

5 lInvenire integrale zquationis differentialis, quz continet
sy quafcumque funétiones elementorum 4x, dy ,& in qua inve-
5, niuntur x, y , dommodo negne inter fefe multiplicentur , ne-
s que zltera alteram dividat , neque eleventur ad poteftatem uni-
4 tate majorem,

s Patens eft, bxc mquationum genera poffe femp_er reprae-

X LM A —— > 3

7

. d x . .
,, funétiones quafcumque 2, fen —— . Differentietur hzc formu.
d

la, & pro d x fcribatur ejus}s’/alor z.dy, & habebitur
w24y "dy. 0z —yd (@%)—+d(AZ): ex qua xquatione
facile colligetur valor y in z, atque adeo valor », quum fit
wX Sz dy.

COROLLARIUM PRIMUM.

»» Eodem modo probabitur, integrari poffe zquationem, quz ad
» hancformam reducitarz —y pu-+au autn _y ph-+ok &ee

5> €X quo confequitur , generatim omnem zquationem, quz in-
. n - - 7+ 1
5 cludit y, & d "x lineares , & funétiones quafcumque 4 x, &

s> @ ¥, Integrationem accipere ex methodo prafentis proble-
5 m2tls . :

COROLLARIUM SECUNDUM.

sy Six —y @z, habetur cafus multos ante annos cognitus
s %quationis homogenez . .
s SixTyz-+AZ,zquatio pertinet fimul & ad lineam re-
4 Gam, & ad curvam. Nam differentiatio dat y~+1 .43 =03
ex
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5 €x que colligitur d 2 = o, que pertinet ad lineam reQtam ,
»auty —— 'z, qua eft ad lineam curvam.
' . — ax-iby—¢
,» Obfervare licet, zquationem dw—+-——"—— dy "o,
g by f

5 dequa plures geometrz egerunt, effe cafum peculiarem nofiri proa
4y blematis. o

Ha&enus Allembertus. Si comparationem inftituas, cogno-
fces, nihil a me praztermiffum efle ex illis, quz hic adnorata
funt, fi primum corollarium excipias. In hot continetur exigua
quzdam , fed non contemnenda hujufce noffrz methodi accel~
fio, quam acceptam referimus Allemberto. Non ingratum  erit
fi hanc quoque fufins, & appofitis exemplis modo noftro expli-
cemus g

Sit tra@anda mquatio 4 x =yM — N, in qua, lompto

. . s -1
conflante elemento ¢y , M , N datx {upponuntur per 4y, d ¥

3

& conflantes. Sit 4 e v d ‘)Jn_% ! , & integrando
d" %= dy ”Srdy . Fa&a fubftitutione zquatio accipiet hanc for-

n
mam dyﬂ SedyZy d_yn P+ d\yn Q, quadividi poteft per dy .
Quantitates P, Q datz invenientur per z, & conflantes. Igitur
aquatio fiet Srdy =y P - Q, que differentiara exhibet
tdy " Pdy +3dP--dQ fivez—P.dy —ydP—=dQ,inqua
femper indetcrminat feparari poffunt, & inveniriy per z,aut
vice verfa,

- . . - n
Ad inveniendam x integretur zequa.tlod’z x=dy Stdy,
Sfietd” " xdy" T ' SdrSrdy: fa®a nova integratione
" —2 —_— et —
o d x " dy " Zde Sdy Srdy;atque ita deinceps doncc

n

n— P ———— S —
pervenias ad d * "% 8Sd¥5dy......S5¢dy, in quanu-
merus fignorum S erit #z-+1. Adverte, in accipiendis fumma-
toriis additionem conflantis non efle omittendum. Sed de hac
additione paullo infra monebo nonibii. Nunc aliquot propona-
1bnus exempla, quz utilibus animadverfionibus locum prabe-
ant .

Exems
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:
. . , . d
Exemplum primum. Sit propofita zquatio'd d x :_yT;-a-
3,5
a’dy
e ———3—!— Utere fubftitutione dgx_:td _‘yg, & integrando
a’ '
& x—d yz S#dy yex quibus refultat zquatio 4 JzS;‘dJ’: ytdy"
Sdq° . zf 5
-+ ———;"——, five faéta divifione per dy , Srdy:w—:—-—r »
) 3
. ade
& differentiis acceptis 2 dy Zsdy +ydr — = s five
3 ¥

n =
_;/—"T. £ 0. s

t . l. ” —

Ex hac duplex oritur zquatio , nempe j— —— o, five.
* o= dy 3 o i

P T ——five 2 2y/a.dy . —= — 4’x , & integrando

\/-y_ Wdy; 2\/3’
za\/?.\/}‘.dyz - Arlyz —_ 4 x , iterum integtando
3

E_zf__‘_/:}:_fil’ —+Bydy—+Bdy = dx,novaque falta integratione
3

5

. 2

-3

2oz 2yl 2, By --C= k. Valares d” x5 & x

2. 2

invcnfzi i:f propofitam aquationem introducantur , & fiet
— 2 N I T

2. v__ay a.ydy 2 dy oy .

R = = L = u®

2aya-/y-dy FAdy ‘ 75 Taav s q

expurgata fufficiet 2 2/ % V3 +AT2ay/%./y, que quum

debeat effe idemtica, .manifeﬂoDdemonﬂra: A T o. Itaqu:ave-

H
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s _

2.2 —_—
ra mquauo erit ———————-L/“i oA + By +CZ

3.5 -
Altera, que oritur ®quatio, eft hu)ufmodx dr "o, & ine

tegrando # — A i—; , five Ad}f3 = & x o & ‘integrando
dy . -2
' 2 dy
Ajd/' ~e—Bd;/?. :dzx;_ integretur denuo 5\%——— ~+ By dy

3 2

A B
~-Cdy Zdx: demum A
2.3 2

—+ Cy —+E Tx:quzeft

generis parabolici.
Hoc autem hmpcr conftans cﬁ, ut gquum alter terminus -
[/ I

v s
Aguationis = ——uri———~ femper provenit 4 ¢# T 0, qua curvam

prabet generis parabolici. Multiplicator autem elementi dt dae
bit ®quationem inter @z, & 5 fine integratione.

In ultima qquanone quatuor conflantes exiftunt , quum
zquatio tertio - differentialis tres tantum admittat . Una igitur
per alias determinanda erit. Ut hoc fiat,inventi valores dax,

d” x fubflitnantur in data wquatione , & proveniet
3

A;fa’;/ -+de__ »—-f«'-——-—; fiveAy--BAy- E-Az
3

quz quum debeat effeidemtica, neceffario B :% . Quare genui-
Ay3 agyz
ma zquatio fiet —— —+ -——+Cy+E=x.Q.E.I.
2.3 2 A 2
~ Exemplumalterum . Propofita fit zquatio 4d3 —Z d‘i

iy .
+bdy’. Pone ds=1dy s&dgx':dy Stdy, faé}aque fubfii-

tutione orietur 4 4 ;/3 StdyZy :-‘zdys ~+ b dyg. Divide per r,
um
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tum fume differentias .a:rd:/:rzdy—{r- 25242, ﬁvciZ = —z-ii—i .
integra, & habebis Iyl A-—zl;::;, & fa&g iranfftg ad
numcrosva-—-r:mé, aut @ — l/f —Z.
V7 Vi
Itaque de=d3 ady — %#.Integradgx Z":dys.

B+ay -+ 2yA. 7. Antequam progredior , pono in zquatione
4 b quam prog s P
propofita valores d4x, dgx, ut determinem , fi opus eft, quantis

tates B, A altera per alteram. Fit autem

ray A A &
adys.li—{-a_ymz‘/ﬁ\/}': ydyg- az-"—"-f:— —~+ 3 =y
A Vo
fiveaBta —a2ayAyy =ay—2ayAyy+Ab, que
! - ~+
zquatio vera efle non poteft , nifi fit 4BTA—+b,feuB T —

Determinato jam ‘valore B per A iterentur integrationes

T2.3 35

&

2 3 4 o _— 2
k= Fr By S B @ Ee222VAY

: 2 2.3 2.3.4 3.5.7 v
gua wquatio, fubftituto pro B ejus valore fupra detexminato ,
exhaurit rropoliram ®quationem differentialem.

Exemplum tertium. Tradtanda fit zquatio

1Y

Da 2 d%c_w
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2,7 4 4 '
d : d -
s dE T —y. ady  dx | 20% paedte— rdyt &
R A dy dy |
Pr = d 2,3 Srdy, quibus fubftitutis habetur z'dfspd,:
' 2

2,5 ‘ .
wy,f;:-y-—;dyg+atdy3,ﬁve28r d}/:\*ﬁy.:—--zr»k-azr,

T2

2
& differentiis acceptis 22 d y = — d y. - ¢
ﬂ“d v .. .
yome <t~ ds ~ a d ¢, & terminis tranfpofitis
2
2
Ve 2 2 -
a ade : . .
ay. - At =yt d ¢t - adr, & neceflariis perallis
z
.. d qt ardt dy dr dv
operationibus fr Lt —— _JFiat —'}/——:——'» 5
¢ 2 2 ¥4 I3 r
. Fea -2 .
ex qua colligatur @ = 7 r . Subflituendo invenies
d rde Cd '
P4 adze .
— = —— , five d7 ——— , que fpe&tar ad cir-
4 rv.aa—-t2 aa-t-14 ‘

culi quadraturam. .

Juvabit definire, qunam conftans addenda fit in famen-
da Srdy, fi ultima formula ita conftrnatur, ut, faltaz = o,
etiam fit  =o. Conftat, in fuppofitione z =o, fore
2

.- 47
dt==dvy y =0, & dy = - His ftatutis fapponamus in hac
hypothefi Szdy = B, quo valare in fuperiore formula fubfli-
. 2 .

— ay i 0 :
tute fiet 2 B= —— =, qua prabet fractionem —. Quapro-

pter
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pter ex mea methodo pro y, #, colloca o-4-dy, o-+de, &

2 2
N — & L dr
obtinebis 2 B= --—d-—t!:atqul d;/:T: ergo2 B=—ade,

nempe B infinitefima erit, feu nulla . Quare ita fumenda erit
S zdy, ut, nullefcentibus 2, v, ipla quoque nullefcat. .
Quod fi, falta # —o, fit ¥ — A, erit quidem dr=4dr,

Ad -
¥y =o,fed dy = nar, ergo 2 B = — A 4. Quare in.
a
hac hypothefi itz accipienda erit S#dy, ut, evanefcentibus,#,
. . — Az
, ipla fiat = - .

2
De hac determinatione conflantis nihil dixit Allembestus.
Verum,, quemadmodum olim quoque in additamento notavi ,
ita neceflaria eft, ut nifi fiat, que invenitur zquatio, minime
fatisfaciar datz zquationi differentidli.

Ldditamentum quartun .

- - 7 - » - » 13
Aquatio, in qua 4 x invenitur dimenfionis tantum linea-

7+ 1
tis, neque aliz quantitates habentur przter 4 x,¥,dyquo-
cumque modo inter fe, & cum conflantibus permixtz , & a
guamcumque poteflatem elevatz, femper reducitur ad aquatio-
nem primo-differentialem . Res cft per fefe patens. Nam pofito
% 4 I nt+ I

d x=rdy L& d'%x=dy'S rdy, faQifque fubflitutio-
nibus, ¢y per divilionem ab zquatione abibit,& folum rema-
nebit Szdy dimenfionis linearis cum 7, & #. Quare congrua
fa@ta przparatione, & differentiatione prodibit ®quatio primo-
differentialis , per quam fi inveniatur # data per y, jam x per
9y fine dubio dcterminabitur .

Multis modis €venire poteft, ut zquatio differentialis pri
" i ordinis, ad quam pervenimus, refolvi poffit per indetermi-
natarum feparationem , ut in prafens notum eft geometris. A-
liquot exempla in medium feram, ut appgreat,methodum hanc.

non adeo anguftis finibus coarétari.
: . Exeme
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Exemplum primum fuppeditabit zquatic
D W+ — -
.d"‘x___ rtfy’dz lxz . P &du Ixz
- HA~ 2 P B P 7+ 2
d dy )
7241 ) # 4 X o .- #
d w=tdy , & fa@a fubftitutione, & divifione petdy

exurgit Sz dy = 2 Jprz.—-p —+ b¢ . Sumatur differentia

—p p— _— I =
tjdy:patz Pyp 4 y42—p. aypt d\g’dt-i—zb;df.

Hzc zquatio, quum pertineat ad canonem Gabrielis Manfredii
viri do&iflimi, a permixtione indeterminatarum liberatur.Ad-
verte, plures exiftere pofle terminos, in quibus locum habeat
¥, & quidem elevata ad diverfas poteftates , dummodo expo-

. De more flatno

7 - X . .
nens 4 x fit xquale binario dempto exponente y.
Exemplum alterum exhibeat zquationem affeCtam figno .
4 2n a4
S . . 74y A-ad *
dicali, quz fit hujufmodi 4 » = | ————
dy™” 4

Lo -1 n+ X . L.
Subftitutio 4°  x =rd ¥ mutzbit £quationem hoc mo-

five Stdy = V y4~—{—at4, & differentiando

tdy =

3 3
2p°dy - 2ardy < .
4 F— , in qua fumma exponentium inde-
4
Vit aead .
terminatarum in omnibus terminis eadem eft , atque adeo ex
nota methodo indeterminate feparanrur.

Exemplum tertium fimile eft illi, quod extremo loco in.
ntr

P . R . .. B a yd ®
primo additamento propofui. Sit =zquatio 4 x — ————
2 pt1 o2 nt1 3 dy

3.
by d ! cyd >
\ J X - 8r & ¥ sce Facdemors
nta 2t 3

ay ay

YRR

4 #
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& e=rdy” 7 I, tum fubftitne, & divide per d y“,

R Z2 N
Stdy= ayr—+bys —l—»cjgtg& ce., & differentiando
tdy=ardy+ayds+bDys 4 ¢ D 3% & ce., vel

I—a.tdy — aydt = b D-yzrz-i—chgtg&ce-. Pone

7 tdr—rvde . .
yE=rya&y= > &dy= —— & invenies
' t

e 2dr—vd? arde ' 2
I—a, s — —;——:zbrdr‘-i—g ce dr&ece., five
—rdt  ——— ‘ 2

— =a—1. dyvt-2brdr-t-3cr dr & ce. Demum
""{if e d’« .

— = eI —+ 2 bdrt+3zcrdi&ce., in qua inco-

gnitz feparatz inveniuntur. _

Hzc , quz pancis attafta funt , patefaciunt, methodum -
banc, tametli y linearem tantum non obtineat dimenfionem 5
minime utilitate carere . Veruntamen ' etiamfi @quatio primo=-
differentialis, ad quam pervenimus , indeterminatarum fepara-
tionem refpuat, tamen vel maxime utile erit,ad hanc reduce-
re zquationem differentizlem ordinis fuperioris. Etenim quum
omnes zquationes primo differentiales, ut demonftravi in com-
mentario De ufu morus rrallovii in conflrulione aquationnm difs
fevenzialinm , per motum traftorium conftrui poflint, & curva
defcribi ipfis fatisfaciens, ope hujufce curva confiruetnr xqua.
tio propofita differentialis, ad quemcumque differentialium or-
dinem pertineat. P . BbT 5z

Si wmquatio prater 4 x linearem contineatd = x,d  x
fimu! cum y, oy, quod elementum conflans eft , per eamdem
fubftitutionem femper redigetur ad zquationem differentialem.
fecundi ordinis. Hoc vix eget demonfiratione : nam pofita..

I ntI Lo g e »
a’ =t dy = ,faltaque {ubfitutione, & divifioneperdy 4
invenietur S # dy =qualis quantitati compofitz ex y, dy, 2,
dz: quare acceptis differentiis exurget zquatio differentialis fe-

cundi ordinis. ‘
: Exems
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Exemplum pnmum Re{olvcnda fit zquatio
7t I
= 14 -2 f-[—{-—»-—- . Subftitutione confueta utere
\ dy ' dyz ! .
a Fle—rdy” f I’, que integrata przbet dx=4dyStdy,

7t 2 2t I . e .
differentiata veto 4  x =dzdy Pera&:s fubftitutioni.

adr .
bus, & d1v1ﬁone per dy orxctur Stdy=JY t + 7; « Diffe-

addt
rentiz accipiantur 24y —zd Yy -—I—J de —+- ——, five

—addt , dy
yd '
nullo negotio completam refolutionem recipit . Nam ita difpo-

dde . :
/matur ¥ dy = ~—ﬂd~;[—~ , tum integretur '}’; = IlAdy —ldr,

5T Ad
five ¢ ' = —2Z: g eft numerus, cujus logarithmus mquzt ue

dz
~)

nitatem : ergo dz = A ¢  dy,cujus conftru&io eft in po-
teftate*

Exemplum alterum. Si propofita fuiffet zquatio
" j/d” + Ix d” + zx m
dx= a7 - a —— , inflitatis iifdem opera-
J : P o

m—L.ntxm

. dy . i oo
tionibus ad hanc zquationem diferentialem fecundi ordinis devenif-

¥ o~ I
madt? ddt m—2

fes—yde=—= .,ﬁvc-——jdym::madr‘ ddr:

m .
' 14
quz zquatio differentialis fecundi ordlrus ulteriorem refolutxonem .
m - "1 -r
- . Ady" ' —yldy mads”
admittit, Nam integratd dat — " = —1

five
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I I
H-3 m=1
R 2 M " . , - .
fivedy A—y = Q;——- dz,in qua indeterminate
, —1

feparat inveniuntuor. )
Exemplum tertium proponit refolvendam zquationem
. dn +x A dn T2 .
@ a X; * . . s
d s = ———— LA ,que falis de more fubiiitutio-
Z

d .
4 dy
. .. ., z
nibus, & divifioneper 4y in hancmutatee Sedp =27~ b‘f:, 4 2
quz differentiata prabet xquarionem fecundo differentialem, nem.,

bracd oy

pe ridy = a—-b.de— - Quoniam hxc xquatio con«

tinct 7, aut ejus differentiale ad eamdem poteftatem elatam
mcthedo Huleri virk do&iflimi sefelvetur o Suppone itaguewns
Sidy Srdyz2, 2 Srdy,
; v dy e Tdrdy

. Srd,
t o &drZe vdp,&ddiTe

R T . . Srady —_ Svd
Eileétis {ubfiltniionibus invenies ¢ dy=a-+ be 7y dy
Srdy 2 Srdy . $S¥dy. o .
a-be U ydy--be Uy dr,quudivife per e ufficit 2-
. . . . Bnpnuaer 2
quationen primo-differentialera, nemned ya—-bvdy—+br y dy

A-bydr, in qua quifgue novie feparare indeterminatas.

Huxe eadem refolutio locum habet, fi in zquatione pro g
~ecllocata fuiflec quacangue fundio ejufdem y. Sit hxc fun&io
B, cojus differestialis’ ponatnr ede N 4 y « ltaque zquatio

w ol

uwtz
; d e bMd T e e e s
o= Ll T T, falids iifdem fubRitutionibus,

dy ) 2
i . ay bMd ez . )
in hage mutabime Sedy = a¢ +——J-—— , que differentia-

ta exhibet rdy—ads +oNdt +—— Hzc zquario
(

Y. .
fecundo differentialis ad primas differentias redigetur per fubftitu~
. Srdy . \ Srdy . Srdy
tionem ¢ ¢ : fict enim ¢ Ay —ae¢ v 4dy

E +4NNe
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. Srd: .'S d - .
b Ne dy M YAy 0 Me T dr & fadta die

Srd , 2
vifione per ¢ " dy=ardy-+-bNrdy ~-6 My dy—+-bMdz,
qu faltem per moram traftorium conftruétionem accipiet .
Liceat addere exemplum quarrum, quod fua fe fimplicitate com.
nt1p wta g
X - x

Lon
mendat . Proponatur itaque ®gquatio d » = ,
’ W 3 PTa-1.atptzq
\d},

1

quz per confuctam fubflitutionem in hanc: convertetur
P, 9

tde i pps » . . a
S¢dy = ——. Acceptis differentiis orietur zquatio fecande-2i

N L
o “7. ) r Fras l»l.wqt"’»d 2T de
ferentialis; nimirum ¢4y = q "' ’

U

4
ad primas differentias redigatur, per methodum dimidiate fepara

—_—

e \ ., qti_ p~x, g pdt gddi

tlonis ita difponatur zquatiody™ =& dz., ‘r——;-a« -q-d—_f .
. 12

. pde 1 dr . P, q q
Fiar 722 L gdd ¢ — —,ex qua oritur rd ¢ =vrdyp fis
C 8 dr ¥

2
tde

X

—— = dy. Itaque peradlis fubftitutionibus habebimus

vaip . pta oy
i gt 1 p tx 7, —— o
¢ de ¥ d;{'r,ﬁve't‘l dt"_:rq(lr:qu&'

izl v

integrabilis eft ant ablolute, aut per logarithmos, i vel 4 ——1,
vel p “”—24. 7
Eadem prorfes fa&a fubfitutione , fi =quatio preter 4 x

. . 3T ¥ 2t n Y} }
linearem contineat 4 x, d  x, d  Ox fimul cum y, &

dy, redigetur ad =onaticnem tertio-differentialem . Si adda-
ter
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ntaq . . e e ye .
tur & x, xquatic orietur quarto differentialis: atque itas
deinceps. Qnare regula hxe latiffime patet. Non fum nefcins ,
plerumque defiderari- methodos ad refolvendas mquationes {ecun
do, tertio, quarto-differentiales. Verum hoc prafenti methodo
non eft vitio tribuendum, fed dolendum, quod calculus intee
gralis longe adhuc abfit a perfeltione .
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OPUSCULUM SECUNDUM

De Seionuin Conicarum vellificationé , ejufque ufie,
EPISTOLU

In qua detcrminantur arcus feionum cqnicarum,quorum
differentia re@ificabilis eft™-

VINCENTIUS RICCATUS
JACORBO MARISCOTTO

¥

In Bononienfi Inflituro Geogvaplia
& Nantice Profeffers

5. P. D,

Nu]ius dubito , Jacobe Ornatiflime, quin ad plenam fefics
4. ¥ num conicarum tra@ationem, in qua non minus propric.
tates illee patefiant, que demonftrantur per geometriam fnito-
tum , quam ille, que fubiimi indigent geometria infinitefimo-
rum , opus fit, de earum reflificatione diftinéte verba facerc.
Videbitur fortafle res hzc non longam orationem dzfiderares .
Nam fi probemus, reétificationem circuli efle cum ¢jus quadra-
tura conjunétam , parabolz retificationem a‘quadra_tur:g. hyper-
bolz dependere, ellypfis: autem, & hyperbole reificationem ef.
{e fui generis, neque obtineri pofita’ feftionum conicarum qua-
dratura; fi demum exhibeamus feries aliquas coavergentes, per
quas curvarum menfuram proximam determinemus ; videmur,
omrium votis fatisfecitle ; neque apparet, quidquam, quod ad-
éi poifit, fuperefle,

Nihilo tamen minusComes Julius Carolus de Fagnanis As
nalyfta_ingeniofus in vigeimo quarto, & in vigefimo fexto T.
diarii Liéteratorum Italiz demonftravit,in omnibus coni feftios
nibus parabola, ellypfi, hyperbola exiftere arcus, quorum dif-
fereatia el algebraice re@ificabilis. Tdnta eft harum propries

tatum
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tatum nobilitas, ut nullo pa&o filentio premendz fint. Verum
quoniam DoQifliraus Auctor eafdem deducit ex theorematibus
quibufdam_univerfalibus, que licet in altioribus curvis non exi-
guum prefent ofum , tamen demonfirationes fufficiunt pon ita
fimplices, arque elegantes ;rem tibl gratam me falturum confia
do, fi in eo operam pofuero, ut non modo eafdem proprieta-
tes fimplicius demoanfirem, fed etiam aliquot veritates addam
prafertim in parabola, quz virum ingeniofifimum effugerunt.

Quandoquidem reétificatio parabole ( ab hac enim curva
exordinm ducam ) dependet, ut notum eft ab hyberbolz qua-
dratura, hac utar, ut ofiendam, quinam fint arcus parabolici,
quorum differentia reftificationem recipit algebraicam.

Sit _parabola 2 £ C P, qua tangatur in pracipuo ( Fig.l.)

vertice C a re&ta 2 B M. Acceptis ablciflis CH — =, & ordi=

natis H 17y, fit xquatio curve xx 2 sy igitur famptis dif«

ferentiis xdx " 2dy. Hinc elemento curva vocato = ds,ha-
2 )

bebitur d s = if_f’i o dxt aut 4 ds T AN Gk wy €Xe
a8 H/ y 2 “.

traQaque radice ads —=dx V a —+» . Quz formula indicat,

reftificationem parabolz dependere 2 quadratura hyperbolz.

Re&tz CH normalis agatur CA=g, & centro C, ver-
tice A defcribatar hyperbola zquilatera 2 EAK. Producatur
1 H in K. ReQtangulum femiparametri 2, & curve C1I =zquat
{patium hyperbolicam CAKH. Similiter du&ta alia ordinata.s
BMN fiet 4.CP—CANM. Igitur dednéta prima zquatio=
ne ab altera, religua erit 2. TP “HKNM. Quapropter qui-
libet arcus parabolicus duftus in {emiparametrnm zquabit fpas
tium hyperbolicum claufum inter eafdem ordinatas.

Per pun@um C ducatur hyperbolz affymptotnm CT fa-
ciens cum axe CA angulum femireftum. Acceptis CG, CL,
C Q. continue proportionalibus, ductifque ordinatis aflymptoto
GE, LK, QN,fcimus, fpatia_hyperbolica GEKXL, LKNQ
zqualia efle. Ex punélis E, K, N agantur ordinatz EBF,
KHI, NMP. Spatium hyperbolicum ' :
HKNM — HSTM -+ SLK —+ LKNQ — TNQ
BEKH —BOSH -+ OEG-—+ GEKL —SKL

[ —

igi«



38 Vincentis fl{zccatz .

igitur

ﬂg iPp= HSTIVIH—SLK-{—LKNQ*TNQ

2. FI”"BOSH- OEG+GEKL—SKL.

Siprima ex his zquationibus ab altera detrahatur, defetis fpatiis
illis_hyperbolicis, quz propter zqualitatem eliduntur »remanebit

4.1P —Fl “THSTM—BOSH-+2.SLX—
OEG—TNQ, in quam quum folz figurz reftilinez ingre-
diantur , conftat, differentiam arcuum LD, F\I efle algebraice
re&tificabilem .
Ut trapetia_ad triangula redigantur, advertendum eft,
HSTMZ-ZCMT— CHS,
BOSH —CHS— CBO: ergo

— TNQ4~2 SLK ——OLG
Si fpecu.bus analyncns utaris, vocatis C B == B O = 4,

CHZHS™»x, CM =MV =z, invenies
CG/__[H—L/—C‘E—[)JLCL_ i ETILL
vz V2
CQ_Z—T—‘/—ff-:{_KZ‘ Praetere:c

2
GE—GO= b—x—-y/_éa_:_{-bb i
vV 2

LK —L s,—;::f:':iﬂi‘ﬂ .

— -+ \/aa—+~zz

Q_N QT = — + Quare in ultimam a:qua«
?-
tionem introdu&lis hlfce valoribas obtinebis
G P —F = Xz —xx iﬁé
2 2

—————— % e .3
—%.Vaatz3—%+ifaatrw—x—%Jaatbb—b,
‘quz
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- reda@a ad fimpliciorem formam in fequentem ' mutatyr

P I A — b
z‘/ﬂﬂ < ——v‘/ruz‘rxx - é_‘{f_a_j.__b. .

2 2
, tangentem parabolz ad

S ey

reviter hic mihi liceat adnotare

T +
sentes duftasa pundlis T, Pefie ™Y \/an xx, K\/ﬂ':’zz "RR,
a

2
Igltur dzﬂ"eae“‘m arcoum IP, FL wxquabir fummam extremaa
angentivm ,que ducuntar 2 punéis F, P, detratta dupla
edia, quee ducitur a punéto 1.

Uportcr ]'ll'll QLL(,X'[IH"I:H’L Z PET X', KLIJO{]IJ.IIL t.l.t
33 CL:: CL: CQ, habebimus

PR YRR ‘//w; cxsxtyaaten i g tVaatzz

Erdd et~ =tV aaTzZ 5 five tranfpofita 7,

bt/aatbd
Iumpnfque quadratis.
AR N— R
%~/ A a~txx 2 w—r/ an—+ xx X
e R e T A 2R,
s ——"‘:z b+ \//Z/t—i- ) R ?

aq 2

rxwx—a b aa—+bb

e c————

__z( b—\aatbh .

-
2.

i ek aa—rxx
Quz mquat:o exprimi etiam poteft in hunc modum

e e e S U ———

_x'l"\/aa'ixx —t+ . bl‘,/aaﬂ)b xh/mz'!xx-..n b'h//uz'kbb

%-ﬂ-\/ﬂﬂ-kxx ' 58—V aa —+xx

= K b—\2atbbs In hac @quatione per x remanet zdf{termlo
mne




4O Vigcentis Riccati -

. Hine colligas velim hujufmodi theoremzs Du&a ad prins
cipem verticem C parabolee GI P tangente CM fi accipiantur
pro libite ableifle CB =4, CH x, tum tertia ableiffa,
CM =z, quz ¥ data eft per x, vt fupra definitum eft, duo-
rum arcoum [P, I F differentia erit reClificabilis, & =qualis
XVaatzyg  xaatxx b eatbb
e — -+
' 22 a 20

Ex pun&to A ducatur A D normalis affymptoto hyperbo-
fz. Ha&ennsaccepimus C Gi> C D fed fi accipiat&:\% 2G<CD;
tum refta Caz B fieret negativa, adeoque == — &.Locum itaque
habebit idem theorema, dummodo fpecies & ex pofitiva con~ -
vertatur in negativamy & tangens parabole ad pan&um. 2 F
fpectetur ut negativa: quare non crit in wmquatione addenda

{fed {ubdircenda

Quod fi CG fumatur ®qualis C1, fiet b =7 o. Cafus hic,
cujus folumodo mentionem fecic Comes de Fagnanis, dignus
eft, qui penitius confideretur. Si fuppenamus, tres lineas €10,
CL,¢Q, efle continue proportionzles, conftat, cfle

——e— Vaad— X% — — :
2. 1P—C1 :ﬂiﬁmﬁﬁ— %y @a—+ %% . Invenictur antem

2
——— 2 — —
1 s—rJaa—rxx ~an8 x—/aa—xx —aa
e o - ——— U — -9 &
24 w—tyaa—+xx xe~tf aa—tux

quantitatibus ad fecundam poteftatem elatis

I 2aa—2%K 28/ aa —+txx axxtix/aatsx

YT aa

o e i o e

: S xhl-\/aﬂ—l-:c.;_c styaatxx
fattaque divifione ( uterque enim fa&tor divifionem recipit ) fiet

1 , 2k aa-txx -
zhta_;*{-z-,z,\/ﬂa—-;—xx.zx — e , qua formula

maxima eft fimplicitate dorata.

Pros
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Progrediens invenio .
4 22 4
at48x+4%
3 Lt
s

P L R ut A e —
Ruare 3 / aa-+2 :—»;;—»-.z.x\/zm—{-—xx: Ergo

e g 250 50
3 &\/””’*'%Z:"—‘T"-'

A==

2 2 ,

: — et 2x

. IP—Cl= 5\ ag—-xx—x/ aa—xx ==
aa

szg\/na—i—x—x

—_——————

l

a2 a

axaadeax
CM = ——————= | invenictur differentia arcuum
“ :

3
1P —CT = 2E VAR =, fac advertas , fore
,,3 . .
CM=12ayz, & differeatiam arcoum IP—ClI=124y%,
atque adeo aqualem CM.
Ex hoc theoremate alia infinita deduci poflunt opecongruz
combinationis. Aliquot breviter indicabo, quz methodum pa-

1

sefacient ; reliqua induftriz relinquam tuz . Accipe CQ quar-
I 1

tam proportionalem poft CG,CL,CQ, & age Q N normalem

1.1 1 1
affymptoto, & ordina re&am NMP. Voca C M:% . Theoa
rema duas tibi equationes fufficiet. :

I!/ 11 S
[ ¢ XX
R e =Tl yeeta
zz —_— b b0
IP__FI:&_‘,/_QL'ZS‘ ——x‘/ﬂa_ﬁ_xx..i«._‘_/.ia;__—-—tr

2 2
Additis duabus ®quationibus fiet r

F ' PP
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1 T —
PB_FI— '&/1‘2 a %_/§7}~z Vaa +Z*Z~i_‘/_ﬂ at xth*%;h,i-éi,’

24 ] Y . . 2a . 2R
Detralla fecunda xzquatione ex prima orietur

1
PR—21P+FI quantitas algebraica. Hoc mede novas pro-
portionales in afiymptoto hyperbolz capienti combinatio fufs
ficier quambplurimos arcus parabolicos, quorum differentia reéii.
heabilis eit. N

Similiter re@ificabiles fint differentiz arcuum i{;__Fi :
ergo dedufla fecunda formula ex prima, invenietur rectificabilis
Pp — 11 — i 4=~ Ff = Pp— 211+ Ff. Quam ob rem

qui f1 addantur, vel detrahantur, proveniumt algebraice “rucct‘i;

ficabiles, : )
Tameti CG, CL, CQ, CQ ron fint continue propor«

‘tionalds , dummodo fit CG: CL:: CQ: CQ s fpatia

. il . C g
GEKL, CNNQ ecrunt zqualia. Eadem propterea methodo

Vidtq, Vir f“lar?mmp, infinitom  refulrare numerum  apcugm

’lgebraica invenietur differentia {patiorum M N N M » BEKH,

i
atque adeo differentia arcuum P P, FI. Sed hac fufficiant de pa-
-ra?pia,}_n qua ingens multitndo arceum, quorum differcntia re-
¢t ficabilis eft , non finit , ut omnes diflin&e recenfere valea-
mus . '
N TAd eliypfim ( Fig. 2. ) tranfeo. Sit quadrans ellypticus
AKDB, cajus femiaxis major CA==a, minor CB =5, Nofti,

dia—bl
dx E/f: 4 — g

- i &
votataC D = x,eflearcum BE =S -—;:;‘:::-—"L 5
) ‘/ﬂ(l —NX
ad ~— E .
“"(ix]/aﬂ-——xx. k.
| aa
& arcom AE=§ ———————————"_ | Similiter voe
i Vaa—xx

cata
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. ) Cda—by
dz}/aa—-%:;. —

a4 a4

cata CF =z, eritarcus BG =S e -, &
- Vaa—23
_dz]/dll—-:(z,ff._rﬂ
arcis AG =S A
Vaa—zz

e aa—xx

Pone z — —, €x qua, {2&to non dif-
l/ ad—bb
2B XN, =
aa
o ege P . . a. 7 oy
ficili calenlo, davenies w — 2 247" X% T Quz fon
. B'/ ad—bb
7z P —
Kz‘ @& @

soula demonfirat , reciprocari. abfciflas x, 2 ,ideft fi falaC D=
fit OF =z, pofita CF =« fore CD=—g.

: i 4 23
Quadrata formula fubftitutionis erit g 3 = -_..L__S_;_.E_b .
. RAB—X X T-«t_

22 2 ,aa—bb 22 . . .
wtg y —x zz, AR # 5 tranfpofitisque terminis
a2
2 > 5" z 2
) 2 —— . . .o
Ba.xN -4—{'*4 E —. % %, 5 fumptifque differentiis
a a
2 Z

a

vgz,xdw-i——-*{;l—(: b %%+ D xz . Divide per axz,

a

adx adz xzz—"bz
=+ = -

erit . Dxz. In ptimo membro po-

X
a

ne valorem z datum per x,in altero valorem % datum perz,
& obtinebis

Fa dx
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1/ : aa—>bh ) ]/ aa—bh .
, e ap by e ey ——— 2

d ad %% ) 47 AR T . _a-b :
N —— -+ ——~T——Dixz,

Vas— xx . \/ﬂa'“jil-{. &

faltaque integratione

ad~bb aa-bb L
dxl/zmwxx.*——— _dﬂ/zza*( —— %%

) @ & ___4_[,
S——=— -§——= E AR,

Vvaag— xx - \/‘m*‘a a

2

HMeABE—AG= i

3 &

boxx \/aa—bb.\/_z_g:i_—_xx-—aa

- - 3

guia fupra quantitates ifiz mquales inventz funt.Integrale hoc
modo fumptum completuge eft , quia fatta x == o, membra
omnia evanefcunt.,

Hinc fequens theorema habeto. In quocumque quadrante
ellyptico AK B ablcifla CP == , accipe

CF=z=———-——————: ajo differentiam duorum ar-
- aa—bb
AR RN~
a2

coum BE, AG effe integrabilem, & =zqualem

2 2 2 2 V 2 2 2
&b .x2 2—b . X tx —a

3 a
7 ' .
Sia = &,ut ellypfis in circulum convertatur, manifefumeft,.

T = o: Ergo differentia arcuum BE, A G fem-

per nulla erit. Que veritas colligitur ex maxime obviis proe
prietatibus circuli . Nam quum in faéta hypothefi (it

CF=z=yaa—xx=DE,arcus BE, AG zquales fint ,
necefle eft,

Vea
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Vernm in ellypfi differentia 2rcoum B E, A G nullefcit nun-
quam cxceptis cafibus, in quibus fit aut x=o, aut x=a: in
quornm primo uterque arcus nullus eft, in altero uterque coin-
cidit cum quadrante ellyptico. ,

Ut punfta duo E, G in unum coeant, oportet , effe

F e e e ——— , €X qua oritur zquatio

2 2
%22 4 a—b

4 22 .

4X X e = AR ,quz refoluta fufficit fequen-
ﬂ .
ay/ o a
tes radices x — »l_—_—— y ¥ ~—‘/;f ———Prima non—cenvenit el
) Va—t Vvat+o ay/ @
lypfi,quia poftulat x> 2. ltaque feca CH=-—_, & age.
b

a—t-
perpendicularern HK. Differentia duorum arcoum BK, AK
erit quantitas algebraica. Ut ejus valorem obtineas , fubftitue
. . . . ay/ a T
in formulis valorem inventum », ideft —— , & invenies dif-

Vat-b
ferentiam arcuum = a— b, ideft differentiz femiaxium.
Inter arcus omnes, qui in noftro canone continentur , duo
BK, AK, qui nuper determinati funt , gaudent differentiaw

maxima. Etenim cafus maximz differentiz pofcit, utnon minus

d x e 4 _ 0, quam Zdx—-xdx—=o: Ergo eliminata 4%,
x :

<
*dx ' 2 2 .
fiet _EET 2 dx=o,aut g, = x , aut = %o Atqui
< - ay/ a
zequalitas hze tum folum focum habet , gnum x = CH=—=:
\/ﬂ"{-l’?

igitur arcus BK, AK praditi funt differentia maxima.
Quoniam BX—AK= 2z — b

Item BE——AG:M—% . x%, detrafta hac exz-

z qua-
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quatione prima., fiet _ -
X%eaa—bb “""“Z.i-:—x(.a—}—b

KE—~KG—=g—b——————=4"" —
' 4 a

Quum reciprocentur abfciffz z, » , vocata C F = w erit
can—bb

CD=z: igitor BG—AE= af_&i(;l"___ ,deductaque GE

N

parte comuni, remanehit BE—AG = -—&3——3——-—- ,ut antea

r]

inventum eft,

Vs -
} g 1 a VvV a4a0—x 5
Accipiatnt Cd=x, Cfmz = ————— = e
: Ll aa—bb
_ . ARTIN Ko
xZ. aa—bb o
Be—Apg= St » prazterea
i \
x¥Zeana—bb .,
BE—AG— 2R £ V0. igitur facta fubtra&ione
a
2 52. ol
a—b . xez—x
Ee—Gg=— ¢l HRTIR Atque hze fufficiant de ar-

3

aZ
cubus ellypticis 5 quorum differentia algebraica eft.
In hyperbola, de qua mihi unice agendum refiat , calen-
lo utemur faciliere. Sit ( Fig. 3. ) hyperbola , cujus femiaxis pri=
mauas C A= a. i'ecunQus oy b, abfmﬁa C D:x; Cuique cognig

4:1-4,[’[)
. d o Xx——an
tum eft arcum AE=S——— 2" ____ Similiter fi

Vax—aa

AF
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A ¥ o, arcus .
oy S b b :
{lZ‘ _;T K%—”” -
AG=S /_—— — « Suppono effe
VXRXT
. 4 .
a I/NI’C—-—- ‘t.__. ﬂVz‘z‘.ﬂ_ —_.4:—
2 _i“"'“,exquacolligow.: aa+bb
Vix—ag VEE Sl

qua de re abfciffe », 2 reciprocantur.

Differentiam accipio formule %z, & invenio
ZAdN--xdz=Dxz. In primo membro pro z fubflituo ejus
valorem darum per x, in fecundo valorem x datum pey z , & obtineo

ﬂd’”l/xk‘__..._..f‘___, (Z[]K‘ 2 4"—_

b b
I =t
— Z:—_ - —————=Dxz,
Vxx—za VZzTaa
aa~+bib

Multiplicetur zquatio per ————"" , & orietur
a

a
et et

A Db wa-bd
dx —:.Txx,,.,;ﬁ dz‘l/_—‘;.zz'-”d_\/ﬂﬂ'fbb.])x{

&
——— -+
Vax—aa VIR —4a4 i
% 5
Ergofaftoad finita tranfitn AG+-AE+ M= i‘é—ff—_‘——;‘i— ‘
: a

Quantitas M eft conftans addita in integratione, qua erit de=
terminanda. : S

Ad determinandam M parum prodeft , fupponere x — 4,
quia in hac hypothefi 2 evadit infinita fimul cum arcu AG.
Hunc in finem meliorem methodum fequemur, fi determinemus’

4

a

XX —————
cafum , ubi z==x. Erit itaque ¥ = fix LI
VEX—as

ergo
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6 .
3 5 .
ergo LA SR ---z—a«——m , qua refoluta exhibet fequen.
a-t+bb
b
tes radices x::al/n-—{-—_—-— X==n 1———ﬁ-~.
Vaa+bb Vaa+bb

Secunda in hyperbola locum non habet, pofcit enim x < 4. Ita-

quefeca CH=—« 1/1 - —é—w *  His polfitis uterque arcus
Vaa+b6b

AE, A G evadit arcus AK. Valoribus 1ﬂxs in inventa 2quae

tione {ubflitutis orietur

I RS

baa

aat+— = ~NJaa-bb

AAK Mo Voarbl

2 a

quam, valorem M obtinemus. Pofito autem hoc in zguatione
nafeetur

= faa+ bbb, per

AG"‘Z{AKA—AE \{\/ﬂﬂ—i—t’)[) —
ive — e —aa--bb~b .
KG—XKXE an

Hinc efformatur theorema . Abfcifsa CH — ﬂl/l - —-—b ——

\‘/(4' 2 -~ bb
A
accipiatur CD = %, & CF = ¢ = ~————i~1-—t«b-[i » dife
) XX—aa
ferentia duorum arcuum hyperbolicorum K G, K E erit algebrai-
€2, & wequalis —i‘/ﬂ”:-b-—[-) Vaa+bb—b.
e a
Sume aliam abfcifsam : 4
a Ve 2

Cd = xr, & Cf— zT: —___._“lf’_z
;;c—a:z habe-
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’ 1T e h '
b R
habebimusK g—K e:i&!ﬁ;—{’_ iy aa+bb—b
’ a
w2V aa+ bb

item KG-KE=—"— ~Vaa—+bb—b:Ergo
fe; R

detralta fecunda zquatione ex prima fiet

l —
fl_z_:ic X Vaatbb

LY

Gg—~Ee=

a & .

Sine, Vir Do#&iffime, ut antequam epiftol finem facio,
fpeciem quamdam paradoxi tibi proponam determinans, acde-
monfirans, gunznam fit vera differentia inter curvam hyperboli-
cam, ejutque affvmptotum, 6 preducantur in infinitum . Pone

x—=a=CA, ut pun&ta E, D cadant in punéto A. In hac
hypothefi punéta G, F abibunt in infinitam. Quare quum de-
inceps hec punéta nominabo, intelligam, ea elle in infinitum
remota. Ex nofiro theoremate
F. S E—

KG—KA_—_CM__L/?;‘:*__[]_b -V aa+0b—~b:Ergo :

a
KG—CF.\/ae-+bb

— T —=KA—Vaa+bb—b. Addito utri-
7

que xquationis parti arcu K A, invenies efle
AG-—-CF. b b —_—
- ‘/:—”i——:zKA——\/M+M~b; _

Axi CA excita normalem AL=24, & duc ALN: con«
{tat, hanc efle affymptotum hyperbolz. Produc F G ;donec fe-
cet aflymptotum in N . Habebis _

AC:CL, five a:/aa+5b6:: CF:CN:ergo

CF. bb. . ) ) ]
CN = CE-Vaetbd . Qui valor introductus in noftram
\ﬂ

formulam fuppeditabit

AG—CN =2KA — agat66~b=2KA~CL —AL:
Qua zquatio oftendit, differentiam inter curvam hyperbolicam

G in
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in infinitum produ@am , & ejus affymptotum initium habens in
centro, cffe mqualem differentiz ‘inter duplum arcom KA | &
fummam reftarum L C, LA hxc autem veritas non rago
maximz efle poteft nrilizati. ‘ I ~

Ex his litteris dilces cautionem, qua pronunciandum eft,
zquationem al’quam non pofle ad integrationem perduci. Qui-
cumque zquationem ad hanc formam deduxiffet

. . aa—>db
— s s ol ? i fere
dxV aa—xx.,— :‘-Kl/rn R
d;/: e e e e e e
V ag—xx Vaa—z2
o e — XX o o
fuppofita z = -‘//-f~——-—— , nonne affirmaret , ad fui
R 1 a hi

V sa—xx.

a4 a
conftru&tionem curvam polcere reflificationem ellypfis 2 Atta~
men ipla eft curva algebraica, ut patefaciunt, qua in hacepi-
ftola continentur. De his expeéto judicium tuum, qued (i, ut
fpero, averfum non fuerit, pro certo habebo ,me veritatem ef.
fe aflequutum, Vale
Ex Col. S. Luciz I1I. Non. O&ob. 17553

DE
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DE INTEGRATIONE FORMUL &
Ay frgzz
j/p-—{—‘qz.'z

Per arcus ellypticos , & byperbolicos . Difquifitio
analytica. {a) :

Uemadmodum jure optimo utile vifum eft analyflis, eas
¢ formulas, qux algebraicam integrationem non admittunt,
ad rectificationem arcus circularis , vel . .ad logarithmi -inven-

tionem reducere ,qux quantitates poft algebraicas funt omnium
fimplicidimz : ita pari jure utue ede arbitror, formulas , qua
per quadraturam cireuli, aut hyperbolez minime integrantur ,
caldem ad re&tificationem ellypleos , aut hyperbolz revocare .
Omnium primus cepit hac de re cogitare Comes Julius Caro-
lus de Fagnaois acutiilimus analyfta, 'qui arcum lemnifcatz
exhibuit per arcum ellypticum, & hyperbolicum, atque hoc pa-
&o elegantiorem reddidit conitruétionem curvz ifochronz pas
rancentricz, que 2 fummis viris Jacobo,& Joanne Bernoulliis
per rectificationem lemnifcatz ablolvitur. Lege ejus opufculum,
quod editum eft primum in tomo vigelimo nono diarii iralici,
deinde in tomo fecundo ejus operum pag. 343.

Poft Fagnanum theoriam hanc vel maxime amplificavit
Mac-Laurinus geometra maximus, qui, prarer refificationem
lemnifcatz a Fagnano antea traditam, demonftravit, tum bi-

A2y R d =, 4z , _dx
nomid —— - —— 5 T T s TN R 5 T i3

VIZGZZ  VZReVIZEIR 13 RZ 15ERY
tum trinomia

G2 d(V?

Jeri (2) Prodiit bac difguifitio in coliellione Lucenfi italico fermone on=
ripta o
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dxvz _dwyx_ AR
——e e Ty T T,
VZZt2ex—bb Jbb+2ez—2% V2ex—x3—1bb.
——..—_j_d—<—~—-—:—_— fuppofita reQificatione ellypfeos , &

VZ.Vbbi2ex =% N

hyperbolz obtineri: quz inventa expofuit in fluxionum traéta-

tu libro {ecundo capite tertio. . .
Mac-Laurinom fequutus eft Allembertus vir cum paucis

comparandus, qui oftendir, trinomia -

_____{_(_\Lz_____, ~—:——~——d—z———--——- , quzcungue fint

Vatbz 4032 2 Jatbz4ex>

quantitates 2, 6. ¢ vel pofitive, vel negative, quoties ima-

ginaria non funt , femper integrari poflita reftificatione arcus
ellyptici, & hyperbolici. Hoc demonfiratum iavenies in Acad,
Berolinenfi anni 1746. Deinde utilem 1nventionem adaugens
incredibile di¢tu eft, quantam formularum’ copiam in eadem..
Agad. tum anni 1746, tum 1748 ad ea binomia perduxerit, adeo
ut theoriam hanc vir ingeniofus propemodum perfeciffe dicens
dus fit,

Quum hzc inventa diligenter, ut par eft, confiderarem ;
cognovi, neminem adhuc peculiarem fermonem infliruific des

e p e
formula —~YL 2% pofitis £, g, 2, 4 Vel pofitivis, vel
. Vetazz
negativis, quz tamen digna eft, ut pro virili parte traltetur,
tum quia plurimis varietatibus obnoxia eft,tum prafectim quin
ad eam, quotquot per reftificationem hyperbolz, & eliypfeos
integrantur formulze, revocentur, necele elt. Hoc praftiturus
dzy/ f~ezz

propono mihi integrandam formulam ——-—-"——%-. | in qui.

VP92
fs 25 P, ¢ funt quantitates quacumque vel pofiive, vel nee
gative ; dummodo nulla ex ipfis —o, & in plerifque cafibus
locum non habeat zqualitas £¢ = pg,in illis fcilicet,in qui-
bus pofita hac mqualitate radices per divifionem eliduntur. E-
tenim in hifce fuppofitionibus formula evaderet algebraicc 1n-
‘tegras
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tegrabilis,aut per quadraturam circuli, vel hyperbole conftrue-
retur. .

In quantitatibus f, &, p, ¢ fi figna omnia mutentur, va-
lor formule non mutatur, quia formula huic’ zquivalet

Y I
V—p—q2%.- V—1
92y —f—8%% Verum fi
VP93 '

dz

d o y  —
ARV —f 8RR - V! , faftaque divifione refultat

haberem formulam

mutatis omnibus fignis in- quantita=

VIt E R, VPt g % ‘
tibus, qux fubfunt duabus. radicibus, formulz fignum — effet

prafigendum . INaor ipfahuie equivalet
43 T
e ———— S — —— ,, multiplicatis=
Vo fgzz-v—1-Y—p— 9%V L
que invicem duabus \/ 7 habebimus.

V—f—gx-V/— P14

mulam non imaginariam ef%:% fed realem, fi utraque radix fit
imaginaria, quia mutatis fignis omnibus in quantitatibus, qu®
figno radicali afficiuntur, utraque radix realis: evadit. Verume
tamen {i una radix realis fit, imaginaria altera, formula fine
dubio erit imaginaria. His pranotatis ad rem propius accedo
demonRrans, propofitam formulam {emper integrari reétificata
ellypfi, & hyperbola.

Sit quadrans ellypticus A D B, in quo ( Fig 4.) majorCA—=a,

minor CB=25.In" axe majore accipiatur abfciffa CF-=x,no-

i/ aa—bb
dxV sa—xx.— —
a a

tum eft, arcam ellypticum BD'=S§-———r— o
Var—xx
Adverte formulam hanc integrari quidem eliypfi reétificata, fi
abfciffa x pofita fit intra limitess Fx =m0, L x=a. Si autem
ex his limitibus egrediatur , nondum conftat, vtrum formula
pes

- . Hzc animadverfio probat, for«
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per reflificationem ellypfis integretur. Neque putes, eam ima. '
ginariam effe, fi valor » extra eos limites pofitus fit. Nam..
guamquam imaginaria eft , ft x conflituta fit intra limites
- an
jx’::{f’ :!-.%'.—___ e —
'\/ aa— bb
intra movos hos limites =+ x::_——f——»—— 5 ¥ = co .Name
Vaa—bb .

que in primo cafn radix fuperior realis eft, inferior imagina-
riz ; in altero quum utraque radix imaginaria fit, mutatis om-
nibus fignis, ut antea diétum eft, utraque realis evadit Po-
ne x=c¢gz, & formula inventa in hanc mutabitur.

s tamen realis eft, fi fatuatur

7 A g e il
dzV asa—cexz. —
BD=S ' . Hanc divide per v¥ ,
—=—zz |
: ¢
& habebis
p l/ cc'%( aa—bb
BD 2V aa—c . ‘
—l=5 __ e, Quz formula re&ifica«
Ve 1/‘: ce '
Te T eRR

ta ellypfi integratur, ft poﬁta.‘ﬁt intra limites

I . . . ..
Fzx=o0, jK:”E ; imaginaria e[’c,‘ i limites fint

k= e, ia:———’——’f—f—'-— ;5 i vero limites fuerint
¢ cyaa—bb '
' a a .. :
g = — , TF g == o0, realiserit, fed nondum con-
caa—bb

fiat, utrum ad rettificationem ellypfis pertineat.

1. Proponatur jam integranda formula d__z__\/_f_':g_zg

.

- Vp—q
Conferatur cum ea, que paullo ante inventa eft, &zt?abcbi-

fur
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viif=ge . .
: —=—Z= : qui valor

fur 2 == yF o€ ==g, == 5 b=

. . » . 7
indicat, non pofle formulam referri ad reftificationem ellypfs,.

nifi fuerit fg 5> gp, quiz fecus. effet imaginarius . Itaque bac
conditione habita defcribatur ellypfis. A D B cujus femiaxis ma-
jor AC=v7, minor CB = ‘sz:-_i&

. In axe majore ab-
Ve

o2V 1 BD  .dzV/f—g2%
fcinde kCF:ﬁ:f,L’ et B2 g PRI TR e
. Vi Ve VPR
~ conftrultio valet, fi 2 fit intra hos fines Zty=—o, = z_:%-é.
Vg
Si limites fuerint i‘(r::lé y T = -‘-’Ji, formula erit imagi-
va, Ve o
naria; fi vero fint :':(:—‘—/-_‘—f , Thom= oo, realis, fed quomodo

Vg :
integretur , nondum compertum eft .

Corollarium. Si queramus, quznam formula conftruatur

per rectificationem ejus ellypfis, in qua femiaxis major eft ad
afqa—2p8 . 2.0 0

minorem ut vz : 1, fiet f = , ive g = ~4=% ,quo

valore fubftituto , faGtaque opportuna: reduttione . habebimus-

8D dzV i~ EXX

—— =S
28 Vi—283X o i
Tifdem pofitis accipiatur in axe minore C Babfila CG =,

aa—>bb
dx l/bb»{-xx. 5

eritarcus AD=S —- . Hzc autem fors'

Vbb—xx
mula integratur ellypfi reificata , fi x pofita fit intra limites-
—+x=—o, %= b} imaginaria et lemper, fi x extr hos limi-
tes egrediatur. Fiat, ut {upra, x= ¢z, fa&aque {ubflitutione

dividatur zquatio per vz, & orietur 7 AD
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—bb
AD d(]/bb—i-ccz{.?:—“——
= —5 : quz formula cxhibex
€ bbe :
T TR

tur ab arcu ellyptico, fi 7 media fit intra fines.

—2,;.._.0,__:;_& imaginaria eft, i3 > —

IL. Oporteat integrare formulam ‘M_"*\‘._L“l. Si com-

: 7%% .
paretur cam ea, que nuper inventa cff,nafcentur hz determi-

nationes b__\// y €T, c__;l/__f_g. , demum

a = X !/f‘i’ +zp . Quare defcribe ¢l ypﬁm cujus femiaxis majox

r Vg
1/)7[ + 4
Iz
CG— z____f_z , erit A D...sf?__(__}_{iﬁl@_(% Quapropter

P 7 P4
hzc formula reducitur ad re&tificationem ellypfis, ﬁi Z_contineas=

, minor CB=4/7 .Inhoc fume abfcifiam

tur intra fines iz =0, == “L ; erit imaginaria , -
Vg
itz ZE_— .

f1-tgp

q
Corollarium, Si fit 2 f=—

minoris bis fumptum zquale quadrato axis majoris, five
g =52 fer A D___Sdzl/f—l—gz<
El Vs V7 -s2x &S

Trans
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“Tranfeo ad hyperbolam , cujus primus (Fig.s.) femiaxisK L — 4
fecundus K M = 4, In primo fumo K P == x Quifque cognofcit, ar-

+
dx —-—-ga—-}—xx.da bb

: - :

cum LN =S s — .Hanc formulam in.
—aat+xx i

tegratam exhibet arcus hyperbolicus , fi % fit intra limites

. . .. ’ aa
4y, = % = ¢0,Six pofita fit intra limites E ¥ =———
Vastbb
= a, fine dubio formula eft imaginaria. At fi limites fuea

. an .
rlntix:o,ix:7~ ——— , realis eft, fed nondum con-
aa—bb

—

x—

T

fiat, utrum ad rechticarionem hyperbolz reduarur . Flatx—r 7,
& dividarur a2quatio per /e, ut oriatur

aatbb
x4V —aateern S

VG =S " De qua formula idem

aae 2
T oA ‘
dicendum eft ac de fuperiore. Nam fi limitesg fint =g — £ K
¢
=z = oo, reducitur ad relificationem hyperbolz ; fi fint
an

caatbb ?

el aa .

tutis limitibus = g =0, Xz = eft realis, fed de
e/ aa~+0b b

ejus integratione per arcus hyperbolicos nondum conflat,

Sy

I1L. Integranda proponatur formula --j—‘/-__ii—g'_i.]?iat

Vo 2e o EE S

comparati : . = Ve

paratiody & hi valores prodibunt s =V 7,e=g,c ="~

b= ie—g-;ﬁr » qui welor , ne imaginarius fit , pofiulat ,
1 H ut

a ..
g = tz = — » imaginaria eft ; demum fia-
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“ut pg>fq. Dofita hac conditione - defcribe hvperbolam, cujus’

femiaxis primus KL = /7, fecundus KM == ‘/‘“(’P“f? Sume
in primo abfciffam K P— “l—f—q & habebis
‘ )
L N ' e .
_\7__ — Sd A fj_,g_%i . Hzc formula ifa conftruitur perar«
7 V—p-tg33%
cus hyperbolicos , fi z contineatur intra fines & 3= \-/—’i y Tz =00 :
‘ : Ve
fed 7 conftituta intra limites % \/f s = ‘—/—’L eft imagi-
Ve Ve
naria : demum G limites fuerint 5= 0,z — \/_f_, realiseft,
Ve

fed adhuc dubiz conflru&ionis.
+ Corollarium. Ad habendum hyperbolam ®quilateram opor-

tet, ut [—*ﬂ)——f—q five g = 'f quo valore fubftituto obti-
7
LN diy [ Fa%%

femus —— =S5 -—"—n ———— .
V—2[+2%3
Ilidem poﬁtls abfciia K Q= '« famatur in fecando axe, &
dxV bho x ¢ ".‘_b.l”_?
invenietur LN =S ——~-\7_ o e ———— yqua formula, qui-
bbh - xx

camque fit valor x, femper retificaro arcu hvperbohco conftrue-
tur . Statue x — ¢ %, & divide zquationem per \/7 , ut obtineas

a. bb

LN Sd !/lzb»%cf%% __Z’b_._

Ve o T o
jT+ez_z

Iv.
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d A Vlf 8RR ., Fallta comparas

Vpriia Vi1
‘tione cum fupetiore reperies & == v/ f, 6. = 9,0 = ~== ,

p— r
»/5‘7_ )_f_y ; ex quo valore difcis, debere gp> fq4 ne pri-

97
mus axis proveniat imaginarius. Si in formula adfit hzc condmo

vVer— fq

IV Integranda fit formulz T

defcribe hyperbolam , cujus femiaxis primus KL =

alter KM — ‘/f tum fume in fecundo axe ablciflam

! L
KQ= %_‘/Ti_i’a cm N dz ‘/[4"]3%% ; quz formula, quis

vy 4 VPt
cumgque fit valor z, hanc conﬂru&xonem a.dmxmt.

Corollarium., In hyperbola zquilatera fiet f—-‘w .
five g = gf 5 quo valore fubftituto habebxmus
LN _ . d3y f+g34

Ve Vaf+g23
Ut alias tormulas, que non exhibent elementum arcus fe-
éhonum conicarum , fimiliter integrem , propona mihi formulam

----- , inquaf,z,p,q negative , & pofitive accipi poffunt,

\/P+ .
& ad eam transforman'!am utor fubflitutione x = ‘&H’ 33
\/’——pwv Vitq Zu'{

qua oritur 3 = ——-——-~ . His pofitis manifeftum eft

\/—-r—}— xx
D.xg=xd%-5dx. Subflituatur in primo membro pro x ejus -
valor datus per z, & in fecundo pro % ejus valor datus perx,
& orietur.

Ha Lemn
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Lemma priminm.

Dxz ——(A)d:{ ‘/{_iﬁ ~+ (B) 4> ‘/i__:_:_l:_:,ex quo lem.

Vo135 V—gdg xx
mate liquet , formulam B integrari per reftificationem fetionum
conicarum, quoties integratur formula A.

V. Sint in lemmate omnes fz,75q pofitive, quo in cafy,
ut traditum eft N. IV, formula A, fi gp>fq, integratur per
re@ificationem hvpcrbolm Ergo etiam formula B, in gua uti-
le erit murtare figna ad imaginaria vitanda. Hujufmodi autem ob-
tinetur conftru@io. Defcribatur hyperbola , cujus femiaxis primus

KL= ‘/gc -—[z fu.uudu) Kvi=—= \/T’. tumrtn{ecnndo—axeacch—
7 e
piatur K Q = /{—‘/ﬁ — ‘/7__f_+PMH ‘Ziz , erit
Ve Ve—gxx Vp
LN _g 43 % Vf+5%% - LT
— gitur
\/ 7 \/p_+q44
4% J—f- ) LN
Vg—gxx e
dx/Frprn %)/ ~fpx’ LN
—-——‘)—_— LT R e eI —\/'9' ° Itaque ﬁ
g—gXxx . k4
gp=> fg, formula reQificata hypcrbola conf’crultur dummodo x
fit intra limites ~@x — “//_/, . ;"x__‘/:]. Verum i fuerit autin«

tra limites s —o, *x = ‘/f, aut intra hos alios ~tx=— ‘/_‘5,

A 7
T =00, formula erit imaginaria .

Corollarium . Si ponas 4 = 14

2f

5 ut habetur in hyperbola.,

zqui.
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zquilatera, quatio in hanc mutabitur ' : .
Sdau\/f——:pacx X F—pxx LN

V—2fpxx B V= fdpxx Ve o
VL. Si f,g,p pofitive fint,q negativa, lemma fuperius hanc
aquationem prebebit
d —+ ds/—f+pxx
' VP—13% Vg x#
5= }/f—h@% & 5 = \/;ﬁ——‘—pf—’: . Formula A, ut docui-

3

, exiftente

VP—43% Vgt R L.
mus N. II femper pertinet ad re&ificationem ellypfis, fi limites 3
fuerint =z —=o0, +3—= :*/-f-: Ergo-ctiamformala By fi-limites
7 q
% fint Fx-= 7= , *Fx=—=o . Utraque autem formula extri.
-

eos limites imaginariaeft, Formula B hoc modo conftruetur. De-
fcripta ( Fig. 4. ) ellypfi, cujus femiaxis. major

CA= ‘ZfZé’:’f ; minor CB=/7", & fumpta in hoc abfciffa

vVq e
CG:%_\/__];?_ —_ t_fﬂﬂa “(“ﬁ 3 erit
Ve _Vetgxx Ve
f\? =S f’_i\_/é__*féf_%i . Igitur
Va ﬁ——q%%
A ETe D
g Q_".__!ﬂf_; — x:{«L , live
Vatgxx AN
VT xy T AD
VE—+g%% VEtgxx Vg

Corollarium. Tunc adhibenda eft ellypfis, in quo axesfunt

ut /z:1, quum ¢ :%re’ quo in cafis ®quatio noftra in hanc

mytatur _ S
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AR sy AD

Vftp VIi-tpxx \/P.
V11, Quum f,p pofitivae funt, g, negative , aut vicevers
fa, i 95> pg, formula differentialis A integratur ellypfi re&tifi-
cata, ut habetur N. I, dummodo z media fit inter limites—™ % —o,

.“_‘q:-‘/—f : Ergo etiam altera formula B, dummodo limites %

Ve

fint ®x=— ‘/—f , Z-x =2 .Inhachypothefi zequa'ﬁelemmqtis for«

o,
mam hanc affumit

d I —n ~ —jw .
Dx% =(A) — ‘/f_—;’:z;—: -+ (B) fi—:l/i_—_ij—;x exiftente
o VP9RR VE—7X%
M:'—‘\/i_____,é:/: y & 3= ‘//:f)ii . Quoniam formula B eam-
V9% VB g XX

dem formam habet, ac A, videtur conftrui poffe ex N. I eodem
modo, ac A. Verum fi adverteris limites indeterminatarumz, %,
cognoices , utramque formulam non pofle ex methodo N. I inte-

grari. Sed etiamfi x fit intra limites :-'tx—_—!.’__' , Fx—00, no-

. . ; P
ftra zquatio patefacit , formulam B pertinere ad reétificationem el-
lypfis. Formula autem B, in qua mutabimus figna , ut vitemus
imaginaria , hoc modo confirvitur. Defcripra ellypfi, cujus femia-

Vig—zp

xis major C A =\/7, minor CB= "% accipiatur in.
2Vl _ Vol Vi
BD dzVf—55%

—_— = S ——— N Ergo

primo CF =
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dx y—Ftpum my—fipxx BD

gt v JTH T TV S L T,

Vogtgan oy —gdgxx /g
~ Corollarium . Si ellypfis axes fuerint, ut /2’21, quod habe-
tur in hyporhch_@ =i gp, hzc prodibit zquatio
dxy—f—tpxx. % V—/tpxx . BD

g v/

Vraprx  yfrupxx  Vap
Quod fi g3 fg, lemma hanc prabebit zquationem

d. —f- a——" —f ' a .
D.xz=(A) i\/'_—ii—é?i —+(B) éx—‘/:frfi_f_ , exiftente
I i 2o o £ = SN Yax aw Rk
N = \‘/‘;'f_:—:"—‘%-j s & 3= ’T—;f_“:i;'ﬁii . Quoniam x eft in-
\/'—uyy—i_‘yjl‘l V &1 7’«'-' -
era limites = 5 = o0, =x = Y& fi 3 fitintra limites % = ﬁ/ﬁ ,

1 \
kg — oo , tam formula A, quam formula B hifce limitibus con-
fiitutis integrabitur eadem hyperbola rectrficata per regulam rras
ditam N. LI, Quapropter nulla nova formula ex noftra zquatio=
ne integratur, fed ex ea docemur, fummam, aut differeatiam
duorum arcuum hyperbolicorum eile algebraice relificabilem .
Hanc ob rem  Fiz. 5.)defcribatur hyperbola ; cujus femiaxis primus

K L =/7, fecundus K M= ‘—/—'g—[’—j_—zli : tum fumatur abfciffa
fa 7
K P :il/_.'(g: , & determinetur arcus L N, erit
ve _
—— ,_l_ . .
%‘_2_] — S d—j—\/—__—/—f; : iterum fumatur abfcifla
v 7 R e S
K S o= i—_[— , du&taque ordinata SO determinetur arcus LO,
8 - .
erit [—Lg =S ‘ii\/;f_ﬂjjj . Quare integratio noftre zqua-
q V8T %%

tio-
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' LN~A+L
tionis fufficit % g ==— -_t._._ 4+ M.
9
Si ad determinandam conflantem additam M ponerem
v
KP=KL, five K ‘/f—— = /7, prodiret KS ,fen -——-f—— infini-

P g
ta . Quare ad determinationem faciendam alia methodo utar, fci-
. licer inveniam abfciffam K. T, quz non minus fit a’,quahs

N
3 ‘/fq » quam \/f? . Itaque habemus b
Ve Ve
( X "/_‘ [—’1—-'(, A4 X 'qnq formula _fa&o cal-
Vi Vi \/ gV p-g%7
culo inveniemus z*-- L _J—’If. Hze mquatio refoluta da.
1. ; .
bit % ]/P pp fr ax ki Y/f o f \/A’P:f'i ,
7 781 \/ p vep

&
cui quanmatl abfcindatur zqualis k__’l_"f__(_?c determinetur arcus

L V. In hac hypothefi fiet x — ’/i(’: ~+ 1/55 _ Lz . Igis

79 Pq
tur zquatio huic uic hypothefi accommodata evadet

a/+/PP {2 Vi _ ez Sz _aLV
1

-4 M.
79 g4 1 7 99 P4
Vocctur primus terminus coalefcens ex duabus radicibus fimul mul.
\Y
tiplicatis = F, etit F — Z‘—L_—; = M. Quo valore {ubftitu-

to in zquatione habebimus
2—F _LN4+LO—-2LV

, five

Va7

F:VO:VN
V4

. Differentia ergo duorum arcunm hy-

per-
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perbolicorum VO, V N eft algebraice reflificabilis, quam pro.

prictatem oftend) in Epiftola data Jacobo Mariicotto V. C],-

Inqua nonnulla confe@ariz non exigni momenti dedu&ta videbis ,
Aliam 1tem ejufdem formulz transformationem obtineo, utens

hac’ methodo . Pono x — /e kX ,€X qua provenit
Vo— frx V€33 ,
g = ———="——  Quadrata alterntra ex his formulis ad hane’

vV —a+gxx
@quationem pervenio gz zxx =—p-+g3%%—[xx , cujus_diffe
rentiam fumo hoc modo gzxD.zx=49%3d3—fxdx. Divido

per 2%, & habeo g qu:iﬁi 187 prima collocg

invenio

Lemma Sccundum ,

A3/ f+gz3 £d % \/— P
gDzx= (A)LIVIERE gy A2 Vgt e XX gy
R o Vp—fxx
lemma tradit integrationem formulaz B , quoties integratur for-
mula A .
VILL Si omnes f,,p,7,funt pofitive , formula A ex N.IV
integratur re@ificata hyperbola, dummodo gp > f¢: Ergo etiam

formula B, fi x contineatur intra limites ~x— ‘Lé, —tx :.‘/_f’
extra quos formula eft imaginaria. Formula B iifdem cond;{igo-
nibus predita eft, ac illa ; quz integrata eft N, V. Quare quum
ibi eam conftru@am dederim , novam conftruétionem, qua nafci-
tur ex ultima zquatione, lubens omitto.

Si 4 tantum pofitiva fir, relignz omnes negative, aut vice

verfa , lemma fecundum hanc formam accipiet”
gn%x:_(A)qd%\/ﬂ*—g%% — (B) fdx\/f -—}—-g:&x , €Xie
' Ve—a33% vVe— fxx

[ flen.
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o

VPaRA e % VP fxx Formula B eft

flente ¥ = ——rx =

Vit s Vaexx L
prorfus fimilis formule A , atque fi % media fit intra-limites
“tz o, ;“z:—‘/-!;, % pofita erit intra fines = x :-l/‘}é y

7 .
—x =o.Quare utraque conftruitur per regulam traditam N. IL.
Defcribatur ( Fig. 4. ) ellypfis ADB, cujus~\\[<imt_ast major
CA = _ﬂq_—j_:g_/: , minor CB= +/ f . In hoc accipiatur
Ve -

AD _ dayf+z3s

—— S ————
- 2 7_. TR .
fcribatur alia cilypfis a e b, ( Fig 6.) cujus femiaxis major
cip — . .
ca= —‘/f——(’_;—ﬂj minor ¢b—= /¢ , atque in hoc accipiatur
v _\_/~f o
. %/, . ‘ae dx L .
ch = wﬁi_—{’l—, erit arcus ——— =S V1S —_: Igitur orietur

Ve Vi V//.)__f:“c
aquatio g3x—=M—A D /¢, —aey f.
Ut determinctur quantitas addenda M, advertendum eft

fieri CG=  f = CB, fich :.i‘i_i_i—?:a: Ergo nullefcente

VP
arcu ae,arcus A D fit zqualis _quadranti ellyptico A B: quare
M=—ABg :__El‘gong ax= A B —AD.yg —ae/f, five
g3%=BDy g-—aey/f.
. Duz ellyples deferiptee fimiles funt, quia earum axes eamdem
habent proportionem . Quare facile eft, nrrumque arcam in eadem
ellypfi accipere. Secetur CH ita ut fit ¢b:CB::ch:CH, fi-

ve v g1y fi 9l‘—;f_i: CH:—f;k:.Notumeftfdr‘e ¢b:CB,
o Vp Ve .
fenv/g:v fiiae:AE:Ergo AE /g =ae / f : Igitur
. gxx
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235=BD7 —AE7, five

£3% _BD—AE. Itaque differentia duorsm arcuum B D,

A E re&ificabilis eft; quam proprietatem demonftravi in epifio-
la ad Marifcottum , fed 1um abfciflas fumpfi in axe majore.. Vi-
des in hoc exemplo quo pacto arcus poffis in qualibet ellypfi fi
mili accipere ,quod etiam de hyperbola di€um volo.Hzc autem’
animadverfio in plerifque cafibus poteft efle utilitati.

Si g, ¢ fuerint negative , reliqua pofitive , vel viceverfz ,
lemma hanc zquationem prabebit , -

gD%x:(A)Qﬁ_\/f_gﬁ +~(B)ﬁm—g:\'x

{2~ , Si ponz.
—g%% Vp—ixx ,
mus fg7.> gp,ex N.I formula A integratur ellypfi re&tificata, fi
% fic intra limites =3 =0, 7hg = l:_’;. .Hoc in cafu quum fit
o V1
xm YPT1 AR g p = VPIXX et x intra limites
Vi—s3% Vg—gxx ! }
Ttk Lp;;—,:“x.: 0. Quare utraque formula ex N. 1 integra-
v I

tur per retificationem ellypfis. Deferibatur ellypfis ADB, cu-
jus femiaxis ( Fig.4.) major CA = v / ,minor CB :_ﬁ'Lf_;ff.,

vV
'fg . BD 1% \Jf—ga4
Ablcinde in majori CF:Z‘/f_z, erit B — ':_":Sd% \/I____K_‘-‘_% .
b2 9 . VP 93%
Defcribatur item nova ellyplis aeb, cujus(Fig. 6.) femiaxis ma-
jorca=/g , minor cb = ‘H—tﬂ.Abfcindéci:ﬂf; 5
: Vi Ve
habebis 2= = § 2XVITEXY yoiine
v Ve —fxx

Ia : ’ g3%
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g3%x= B D /7 +bey f—M.Utdeterminetur conftans M,
adverte fieri arcum be zqualem quadranti ba {EEAEEHCI‘E“
Ergo Mi=bay/ f: Igitur g g% =B D vV g-t+be—ba.yf |
fivegzx=BDg—aey/f. '

Ut ambo arcus in eadem ellyp/i habeantur , pone

ca:CA::ci:ClI, five / g/ f 0 fl/—;—@:(:lziﬁ;,patet
S N N
forey/g:\/ f:rae: AE: ergo ae  f = A E /4 : Igitur
gzx=BD—AE.y/y, quz cum (uperiore confentit. Confe-
aria, quz deduci poflunt , lege in litteris. ad Marifcottum.

T 1 3 —

gD;x:(A)qd%\/_—f»}rgSj%_ (B) fd ‘[‘W

Voptgii \/:gj;f:E
Quoniam x = YLTIAR g g VoPEIEE
7 conftituatur intra limites ~¢ :_%i_ , =7 =o05, pofita erit
v 1

% intra limites hx—o, Fx—= i;‘{ . Quapropter licet formu.

8
12 A, B habeant eamdem formam jtamen i A integratur ex me-
thodo N. 11, B ex eadem methodo integrari non poteft. Ves

remtamen etiamf limites % fint x—=:p, Fx :—‘é_q—: » &qua-

. . . V&

tio noftra demonfirat, formnlam B, in qua ad vitanda imagi-
naria figna mutabimus, integrari reftificata hyperbola per hujufe
modi conftruttionem. Defcripta ( Fig. 5. ) hyperbola LN , cvjus

femiaxis primus KL =/, fecundus KM — L/E;fi s {eces
- —— Vg ‘
wr Kp=3711_ VEtp—fxx fs

— e 7, erit
Ve VHg—gxsx  /p LN
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LN _gd2vV—f+£3%. Biog habebimus

V7 _V—r+93% —

sdxva—gxx __gax LNVy g
vetxx TS -

de\/q—“g""" _—gxyp—fxx LNy
Vit g ]

Corollarium.. Si hyperbola adhibita in conftruétione fuerit
zquilatera, fadta fcilicer pg =217, obtinebimus

s dxvEp—ifxx _afx/p—fxx LNyp
(oo pafex T

Quz formulz inventz funt haétenus, dependent a re@ifis
catione folius eliypfis, vel folius hyperbolx . Ur eas detegamus,
quz per utriufque curve retificationem abfolvuntur ,novum lem-
ma eft conftituendum.,. Hanc ob. rem formulam. geaneralem ire.
difpono -

i/ gaa_ _fdzitgazds . _gd3.fr+gaix __

Vo935 VFrEza./peii gavfHeaa/peas
dz .fg—xp I L LY o £

g -V E33-VPH23% g -VfHgRRVP 133

3. f1-=x1 +Z 45 ‘/p_—t‘i—i—i .. Quaproptez obtirngs
gVf+g3%. Vptaiz gVf+g33

mus .
Lemma tevtinn .

ay Jrzeda__ gadafteii oygda/rbe s

Vite3an/pte a4 Vre3a NETET:
X. Ut utraque formula B, C fit in poteftate, aliam hypo-
thefim non invenio , quam fupponere negativas g, ¢. In hac

hypothefi zquatie. erit

®
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‘ ' I2VIi—~2x
A 9%y g dRVIRRR
V- XZ-VP-9XX fo—grVP—97%

(C) e K‘/p:f_zf;_,_' . Supponamus 75> gp - Formula B

je—grVf—exzx ,
integratur per arcum eilypticum, formula C per hyperbolicum,
Nam pofitis limitibus integratur

, BexN.I,CexN.IX'

Fx=— —, *zx= "=,  utraque imaginaria

il e P - g I Bex N, VII, Cex N, 1L,
g.
Hujufmodi autem oritur conflructio . Defcripta, ellypfi , ( Fie. 4.)
e . "‘""‘“""_' "
cujus femiaxis major CA =/, minorC B= —‘/-fj._.:__—if
7
abfinde CF= /7 oy BD _ g4V —ezx g,

P , N L
liter defcripta hyperbola LIN | cujus femiaxis ( Fig. 5. ) primus

XKL=z, fecundus KM = _‘:/i‘/i_:ff_) , fecetur
I3

2

KP = ‘/f:_g_ﬁ__( . ‘/f‘f » Eerit
VPTIRR VP _
sdxVpr9zz _92V [ 833 LNVp
VI—8xX evPIZx & _ _
S— 43 —_9x/t-azx +BDyvy  LNVp
Vi-gxzxVp-17% fr-gpyvp—axx J178P f1~gp
Hze conftruttio valet, (i limites indeterminatz fuerint

« Quocirca fiet

*z
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Fr=—o, Ty —‘L_‘?_— Verum fi limites fint i{—:_“[__/p:-w

q R 4
Tz == oo, ita conftruftio erit peragenda . Defcripta ellypfi,

cujus femiaxis major C A =/ f, minor C-Bv:—_'—‘{-&;ﬁf .

accipiatur in primo C F = i_._féi:"_@ . ‘/ ﬁ
eV PEIRX V3
g9V —/+ezx . 3V —Ff4gxx BD

vV =rtazz V—p-9zx V1. _
y F i imus kl=

A 3

fecundus k m = __\U_‘Z____'ﬂ.’_ , abfcindatur K p = ﬂf—é , habebitur

o
&

g4y —rrxx . dn . igitur mutatis opportune fignis

V—HEzz V2 -
' 4z e/ —f+rixx

; g R - 2
Vg Ve fe—gp-y —p+4x
BDvg , tnvg
: T
fo—ep fo—ap . . )
nibus nfurpatz fuat , fimiles funt , quia axes habent proportionales,
Quare proclive eritin urraque conltructione eadem hyperbola uti.

—=

. Hyperbolz duz, que in duobus confirultio-

Fianutk[:KL::k‘p:KPﬁ've\/h;:\/?::3‘-(;"-:_’)‘:1{12:_@_: s
o S e

erity p:/ g::In:LN:Ergoln g = T_.N\‘/p.'_l_gitur

g d3 I i &V i S, S

Ve 2/ ez fi—gp .V P HIRR
BDyg | LNyp
fa—gr  Tr—epl I

Corollarium . Si fuerit fg = 2gp, hyperbolz in utraque.
conflruftione adhibitz funt zquilaterz , ellypfles vero habent axes
uty/ z e 1. For-
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4z ___
Formulam . quaa mtegrata eft N.X,
VI— ez Vr—1%%
in aliam convertere findeo gpe fubfiitutionis KK“‘M“"XN
in qua M eft quantitas determinanda in operationis progre{]‘u“
Faéta auntem {ubﬁltuuonedprovemt
— X X

M—xx./f—gMtgxx .\ p—gMtgxx
m‘/odo obuner‘{ Jpoteﬁ at una ex duabus radrcx\bus extrahi pofo

Duplici

fit, nempe fi ponatur vel M._.Ji, vel M__—;-. In prima..

fuppoﬁnone formula hec oritur

ﬂ_a.x‘

. Quando ponimus fggp,

T pre-fa v

Vi—gxx. L Thagxx . ‘

fi fac fg —gp =g m, quod trahit f4zm , habebimus
x

= . Hac realis erit, fi x media fit in-

——, F VI qui refpondent limiti-

\/g  Va

\/P

bus Fz— 0, =k (— S : nam ft 3 conflituatur intra limis

tes =t g == ——=, £z = oo ,indeterminata x evadit imaginaria.

In altera fuppoﬁuone nempe-} M= nafcitur hxc formula
9

—d_bi____Wm Quoniam f¢zp fupponi-
‘/p——qxx q:g;-—'—-—}—gxx ‘
tur , fi fiar fg—gp=mg, obtinetur —dx I
Vo—gxx, ‘/m—{—gxz.

Realis eft formula, fi x confiflat intra limites = x — Ve
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i =0, qui refpondent hmmbus Fz=o, Hym VP \/ s fi
. Vi Vi,
enim- g, ponatut intra fines Ey=—==, Ty =00, fitx ima.
ginaria . -
XI. Hifce perfpettis accipe conftructionem formulz ( Fig. 4.)
—d%

,inqua fg> g m . Delcribe ellypfim

—gnm —m g%
A DB cujus femiaxis major CA = v f, minor CB = ‘/g_m_ ’
V== /iy 7
abfeinde CF =X+~ V. , & determina arcum BD .

Vig—gm
Deinde defcribe hyperbolam , enjus ( Fig.s ) femiaxis primus

KL =yz, fecundus K M= ‘;’;[,:‘/—"i——- , abfcinde
g—gm

» & determina arcum LN, Hijs

V—mtgEx.y/ f .
pofitis nancifcemar , i
s —dx _ —ax Ve
Vi—axx. \/—m~|——¢i>~—;‘ gmy —m g xx

BDyg (7. L Ny —em . Sive mutatis omnibus fignis
gm amy 8
d x g Xy f—gxx

vi— gRx, Voomtgxx gm‘/—quxx
BD‘/q IN\/!‘7_£"

~+

am
(,orollarxum Si ‘fq —2gm, hyperbola eft zquilatera , &
ellypfis habet axes ut Vit
XII. Alterius formula — dx___ confirus
Ve—gxx .y mA-gxx

K v&io'a
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Qionem habeto . Acceptls femiaxibus C A =Y. "2 Hxp

- : oV
CB=y/m_defcribe ellypfim ( Fig.q.) A DB, & ébeindéﬂd@ :
e

determinz arcum B D . Dein-

Veg R Y] -
de pofitis femiaxibus (Fig.5.) KL=Vg, KM: ‘/ 27 de.

Ve
: : . Mm—tgXx. 8P
feribe hyperbolam L N, & fefa abfciffa K P = !1”,_5__’1,_5,5 ;
o _xfgptgqm
determina_arcum L. N. His pera&is habebimus
S —d x " :ﬁ‘/‘p—:—_qxx\/m-—kgxxh{_‘
Vr—gwx A m g R - ,
13-]3: —i—E—-l\—IF‘—/—i-J« , live mutatis fignis in omnibus terminis
m/¢  mg :
S d x T b pgxx. f/mg X% _

E/qu x* ]/m-—ngéz v wmqx
BD LN,/ |
myyq o mg N
Corollarinm . Hyperbola erit zquilatera , & ellypfeos axese-
runt, ut /i1, igp=myg. o ]
XIIT. Nunc revertor ad Lemma tertium, & fupponens in
eo negativas g, p ‘nancifcor zquationem : ’ :

(8) —LIER AR oy 19XV R
Vi—823.V —p 1K VP43
(C)gj—zl/w . Si ponatur fg5>gp, formula A integra-

Vi—£zX . . ,

tar ex N, XI per arcus ellypticos; & hyperbolicos, formula C

ex N. V, & VIII per folam re@ificationem hyperbolz : Ergo per

arcus {e€tionum conicarum integrabitur etiam formula B, quai_rea-
: is



szufc‘ulu’m H. 3 o i 5" ‘

" lis erit 5 fi % 'media ﬁt inter’ ﬂnes —Z,”" VP ':;,\/'f

_Ad conﬂru&xonem accepns (Fzg.4 )femxaxxbus C A= ‘/ f 5

CB- ‘/g d defcnbe ellypﬁm in cujus axe prlmo fac abfcmdas

vi_o
CF= ‘/f £2R.v14 Vi » & definiasarcum BD. Tum acceptis fe-
\/f 9 *“gP P \/
miaxibus(Fzg sJKL= Ve, KM—=——2YLt— defcnbc hyperbolam

_Vie—gp
LN, & fumpta KP—= RV —p. ‘/g determma arcum'

Vrarz-V
L N. His pofitis eft

L4z __raxVfErx _
V/I—gxx-V "P9X gPV IR
BDvg _ LN‘/(“’ 87 . Pofiremo /nlvam defcribe _hyper-

bolam 1o, cujus ( Fig.7. ) femiaxis primus kl—'—"—/- 182 fe
g

cunduskm—-"‘/ P acc:pe in fecundo axe abfcxﬂ'am
kr— \/_“P*‘l-?“«'z ‘/q” , & determina arcum lo. His' pof‘.

Vi—gzzx V4 L . .
tis erit S gi;@__——{—:q_&g e z—‘/:j_ﬂi,{{ - Quapro- »
VF—E8xZ Vi— \/ g

pter fa&lis opportunis- !ubﬂxtunombus obtmemus o
g dxVi—exX _ tzyf—ez%e fi—gr _g3/—P+exX

‘\/—P—HZK S gpy —p+43 gVf—azx
_BD.fyg—ep LN.fg—gp.vts—gp +10Vg
gpv e gpav e 9

K2 ’ Quos
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Quoniam eft / g : ‘/;‘;-«—\-/—--—___f__‘ o __\_/1(5__:;_51’ Vo ,duz hy-
g 2P g .
petbola adhibitz in conftriétione habent axes .proportionales |
atque adco fimiles funt: igttur conftruétio per unicam- dumtae
xat hyperbolam perfici poteft. Ut utrumque arcum {umamus in

hyperbola ino,quod elegantius accidit, far K Likl:o KPikp,

fivey g : YITZPE | vet gz Vig—pgit,
z S~ ,
V1 —8PVE g R SITEP 5 coi abfiiffe

V—pt9z22.Vf vV —p+azz Vel
refpondet arcus | n. Manifeftum efi , effe g~ F—gp las
Ergo LN . yfg —pp w=ln.g, five

LN.fy—gp.Vig—ep — Ln.fq 4P, Quare faéta fubﬂi«

o gravE rave
tutione habemus

g 9zvf= {i: z-//_'-%e xZdg—gp gV P HIXX

V—ptezz &PV PIRR _gvf—ezxx
—BD.fg—gp_ ln.f9—gpr , lo.ve :
grv q rav & T

Corollarium. Si fg=:2gp,ellypfis habet axes uty/2 : 1,
Lyperbola zquilatera clt. Verum in hac hypothefi boc notan-
dum eft, quod in fuperiori formula duo arcus ejufdem hyper-
bole In ', [o pereamdem quantitatern multiplicati inveninntur.
Quare pro differentia arcuum In, lo poflumus in formula ar-
cum unicum f{ubfiituere, nempe ne. Quapropter xquatio ul-
tima in hanc mutabitur

sdxV/f—rxx_ __ z3F—48xx _BD _no/T
VoiHgzz 2V rwzzevi—azz Vie 2 VPE
X1V, In Lemmate tertio {upponamus dumtaxat 4 negatt
vam, muiatisque fignis in ommbus terminis nancifcemur
(A)
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_ fotgp.di - _ (B ARIHERA, (C)% —1%%

\/f—hg%z VP934 VP934 Vg%
Formula A ex N. Xll integratur re€tificato arcu’ ellyptxm,
hypexbollco formula B reétificaro arcu ellypuco ex N.IL: er

o formula ’C refificatis feftionibus conicis eft in poteftate. Si

% media fit inter limites +z=o0; FE= ‘/f_

’ formulee tres

q .
reales funt, fecus imaginariz . Tta difponamus zquationem
(C )d%\//’ 7%%___(11) fotzgp.a d% —(B) 122V qd?\/f—i—b%%

Vieza ovfts 5. VP—134 gypr—a%4
Confiru&io hzc enafcirur. Delc Defcripta ( Fige 4+ ) ellypli, cujus

femiaxes fint CA— VT CB= V F 5 abfcinde
V1
CF = ‘/Pﬁqzj‘ ‘/f q—L—gP , & determma arcum BD. Advets

/79 .

‘I
tendum eft, ordmatam FD, fen CG ﬁerl———-—— : namgque

habemus - %

9 P9 P
o . e v i _ _ V71
Dreinde poﬁus ( Fig.s.) femiaxibus KL=z, KM=—=

fotsr. fe fg-tap_ fq+gp fq
q

Ve

deferibe hyperbolam , & fecando K P =Y"T \/f—{—ez%‘ V8P Qerer-

mina arcum LN. Erit ‘}\/}‘ g-2p

g _ﬁ_gl_%_ ___,_ +\/f+zfz \/P—fi%ﬁ__EE___Iﬂ_{’_'
g3 A VR4 fe% Ve o fi_

In ejufdem ellypfis axe fecundo fumenda eft abfcxﬁa,v—z—‘é 1,

P
quz eadem erit ac fiperior CH,cul refpondet arcus A D- Erit

g
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LIS : Tgitur
VPTaAE Vg -

G 45VP 9%+ VITERA- VI gRA - T1+ap
Vit 233 fs 1%

—BD.fgrgp 'AD‘/?_;LN. V7. fq—-f—;;;_

/ey q g fgq-
Corollarium. Si fg ==gp, ellypfis habebit axes ut \/3:1,
& hyperbola erit zquilatera: xquatio autem , €jefta fpecie 4,
hzc evadet

g 42 /f—rz%x _ + 3 g3z /f—2xx __2BD

VIFE R B Ve
A Ii _ LNV Perfpicuum eft, BD A D effe equa-

£ &
lem quadranti ellyptico, quam quantitatem in prafens omitte-
re poftumus,quia in mtcgrah. ea quantitas addenda erit, quam
circumftantiz_requirent. Eft itaque
g dxvf—4xX _o/H233-vVf—g3z_ BD _ 2LN/f
Vet T n °
XV, Determinatis his dhuabus formelis, qua depcndcgt tum
ab ellypfeos, tum ab hyperbole rectificatione, revoco lemmas
primum, in quo fuppono z, p negativ;}i,__ut_habeam
szr_(A)ﬁ:—‘{[t—gi'?}%— (By L V) A pxx

T exiftente
__ VmptezR  Vgthgxx
- o pxx . -
x-_—_‘i Pﬁ,,?‘_" > & z= ‘—’i_—./);-f_ o Si fgsgp formula A
VR Vétgxx

ex N. XIII integratur per re&ificationem utriufque feQionis :
Ergo etiam formula B. Si z conflitnatur inter limites

- —_— \/ P oy — ‘/ f 1 1
===, F3=-2-, quibus pofitis formula A poteft
V4 Ve j

effe realis, erit x intra fines == 5= oo, = =o0; qued indi-
cat
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13 formulani B femper effe realem . Accipe conﬁruéhonem.

Deferibe ellypfim , cnjus femiaxes ( Fig. 4. ) fint

CA=V/{, CB:lg:P' , & abfciffa
A A S

CF — \/f”—gzz-\/fq — _*Vfg

fi—gpr Vet g xx
Tum defcribe_hyperbolam 1o, cujus femiaxis ( Fig. 7.) primus

\/fq &P

detetmina arcem BD.

, fecandus k m = / » . Sume in primo

kp— Z;-f“i—gp \/f+P“"“ \/f7~gp & deter-

Vef-v —pH73 % Varf

mina arcum In; 1tem lume in axe fecundo

kr—= VA AARVER ‘/’_q__p , & determina arcum lo.

VF~szz:vVe W4

Habebimus : .
d(x/fwg%z g% ff/wfw 23 V—r+a3i
\/:27—5&‘_ gV —prgrz_ 9/ 8rx

—BD:—f_z——:ﬂ_ln fq —gp+i0\/g . Ergo
gV g pav g g
gdx VIpxx _yr RVRRRF1—gp | £V I HAR

VEaxx gpV—r+43%  __ aViTeRE

M“—HP 4 In In f‘i’—‘“’ love | Demum proz

8 7 . .
fubﬂx’tjutoqe;us valore dato per X, fa&aqun reduétione nafcitur
g4 Vidpxs 2P+?gpqx>~*fwx Vitpx

‘/gq__-qxx gp g% \/8"’1‘1""‘7
+BD.fg—ep ln-f'qm:ep_lo\/g .
IV Pav e 7
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Corollarium. Si fg =287, ellypfis pradita erit "33_(%115‘,'
qui erant in porportione /2 1 T 4 hyperbola autem zquilatera
erit. AEquatio vero hanc fimpliciorem formam induet

dxyipan _ [ Apxx L BD _novj

\/m_]ﬁ; npX ‘/[+sz§ \/_ZP zp
§; in Lemmate primo ponas g negativam habebis

Dxz= (A)ﬂ_ﬁ__:_g_ﬁ + (B)ii_’f_\./_f::ﬁf_f exiltente

I
—_ —p XX . . . .
x :l{i_:é_i__ﬁ, Z :l/_;ﬁ_.& z conftituatur inter limi-
VI 45 i kg XX
tes tx =0, & Z:*“/':i‘:a invenietur » effe intra limites
v F V£ . .
o o Thx sz o ,CXtra qUOs limites utraque formula ima-

/ P

ginaria eft. Finibus hifce fancitis utraque formula integratio-
nem recipit ex N. X1V, Quocirca cognofces, plures arcus el-
lypticos, & hyperbolicos conjunftos per figna —--— effe alge-
braice rectificabiles. Verum re diigenter perpenfa comperies ,
nullos arcus haberi alios, nifi eos, quorum differentiz  reétifi-
cabiles funt, de quibus antea loquutt fumus.

XVI. Advoco nunc Lemma fecundum, & fupponens nega=
tivas f, ¢, five quod idem eft g, p, invenio

- dx aXN .

X = — (A) gjjﬁf_ﬁl—é—" (‘B) 7_1—__‘12__‘__9___ . slfq>gp
, V—ptgas . Vpifxx
formula A per arcus utriuique feGionis integratur ex N. XIII:
Ergo etiam formula B, quz eamdem formam habet , ac illa,
quz integrata eft N. XV . Quare ejufdem formulz ex ultima
noftra zquatione novam, (i optas, potes elicere conftruétionem.

XV1il. Denigue in lemmate fecundo fupponamus g negati-

vam, five qued idem eft g pofitivam, reliquas omnes negativas.
Orietur 2quatlo :

gDz

ve+13% V—pfxx

exi-
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exifiente % = YPHAZX & g = Vopixs

vi—83x Vit g s .
ftituatur intra limites X =0, :":{:-—‘Zé, habebit x limi-
&
tes ix:—-‘—/é, , Fx==co, Atqui pofitis his limitibus for-

mula Aex N.XIV integratur per arcus utrivlque fe&ionis: Er-
go etiam formula B, que formula imaginaria eft, fi x ex fla-
tutis finibus egrediatur, Confiru&io autem hzc mnalcitur. De-

fcripta ellypfi, cujus ( Fig. 4.) femiaxis CA :_ﬂfi,___i_i_f’ .

. Ve
CB=\p, ableinde CF=Y X2V otsp_ _Ta-tgn
| VT TR =TTy

GVEr_Y—rif*x Vsr
> Ty

. . <Y _\/t]—{—gxx. ‘/f
& determina arcura BD . Deinde pofitis { Fig. 5.) lemiaxibus

KL=, 4,KM= ‘/p‘j’ defcribe kyperbolam, & fecans
\4

cui refpondet ordinata F D =C

/

KP= ﬂ__ﬁi—fé_‘éfi _-— mi‘;&:: determina arcum.
Vig—+=ap V—pgxx '

L N.In %juid_rin ellypfis axe fecundo fumenda eft ablciflz
ZVEP _ Vprfax Vap
v f Vg g x % ‘

antea determinata eft , cui refponder arcus AD. Conftat efle

g dXVITERR - VrtgRRi—aRR Jobep
[T L
BD.Jyzt_ ADVE _INVT-TIFE ouupror
ra q : EPq '

, quz elt eadem CG, quz

PavVE
pter faéta fubftitutione
' L S
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de\/q—b;'ﬂ Bu% , YpexxeVIExX: f1+sp

wBD.£Z4—gP_AD\/>'f' _LN. ,fq+gp , five pro z‘fubu
I ! eVl

fiituto ejus valore datd per x
de\/q—]—-gxx gx\/~p+fxx+
V—pfan  f/qgtges <
_ 2
x.fg+gp
frg - Vg xm o J—pt frx S
—BD.fy-tzp A D\_/r' LN.7 i_v-i—/’!‘ ]
fr/e 4 pav f
Corollarium . Si ponatur f]:ﬁp , cllypfis predita erit

axibus, qui fervant propertionem y/ 2 : 1, hyperbola autem
efit aquilatera. ]Equano autem hanc formam accipiet

sdxVptfes s VmpfEe et

Y vi—-fxx Ny VB x5 o/ —ptfax
‘—ZBB __ AD zLN
Ny N

Verum quum BD-F A D 2quet quadrantem ellypticum ,
tuto omitti poteft, quia opportuna quantitas in integrationes
addenda eft. Quare habebimus

de\/p--rfxx_: sey/—pr - L[xx+ _4’0"\:

V—pt-fxx  piofx S X
8b 7N Vpi-fox VPR S x %
,/f v i°
Poft has demonftrationes in aperto eft , formulam
A2/ Fg:
_____K_?, quecumaque fint £, g,p, 4 vel pofitive, vel ne-
Vpgxx ‘
gative, femper integrari ellypfi, & hyperbola re&ificatis . Ut
autem
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autem facilius invenire poflis, quo in loco hujufce defquifitio-
pis quiliber cafus contineatur , fequentem tabulam formavi, quz
indicts locum tenere poteft,in qua omnes cafus diftinéti funt
& numeri expofiti , ubi finguli conftruuntur . Littera E in.
dicabit formulam a re&ificatione ellypfis, littera H a re@ifica-
tionc hyperbolz dependere. Ubi utraque littera conjungitur s
feias, formulam poftulare utriufque fefionis reQificationem . -

T ABUL 4.
+ftgtptq; —Sf—g—p—yq

Sigpi>fy H.1V
Sifggp E.H.XV,XVI

- - ™ - - - - = ® e ™ -« @ "

+ftegtr—g; —f—g—ptg
Si limices fine =z =0, *z=YL . E.II

— &

extra hos limites imaginaria .,

= 5 @ - - - - e ow

+fAe—p+g; —f—gtp—q
"Si limites fint F=0, ‘—"zz‘—{é imaginaria
‘/p - ‘/7
., Fz=w.E.H.XVII
9

= :

B @ o @ e e = e - o e = .

+f—gtprtg; —f+g—p—yg

Si limites fint i(:io,iz:-ﬂ.E.H.XIV

-t

- = -

‘ ve |
;‘-7‘:1/—_}; s £ ==occ imaginaria
Ve .

Lz ’ —f
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—fmgA-ptas HfTETETE

$i limites fint === 0, ‘_‘z—«_—: imaginaria
:'*_’71:‘-/~—f tg=ow . B, VI

Ve ' '

e fAE P15, —f—g-+pte '

Semper xmaglnaria. i

Sili-thg=o, ¢4:‘4§; E.I
Sifgpp mites = -—\l{;,«"z:l-;_; imaginaria
V7, Ve
, ~
fne =z=YL , x=e . E.VI
4
Silie rz=—o0, ’i‘:{:‘/--:{;-, H.IX
Si gpi>fg mitesEi= ——_—_If,;tq:?—/ﬁ imaginaria
/g Ve
fint iz:"f—.,i’:z_—*w H.1IL
) q
o Zfrgtp—g; Hf—g—p1 "
Sigp>f1e H.V,VIi
&lin‘l‘ites g——‘/—; j—_g:_—‘/_./f.,
. int /g \/
Si fagp ? E.H. XL,

eytra hos limites imaginaria.

Quinam
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Quinam fit ufus hujufce tabule, opus non eft ut explicem.
Nam propofita aliqua formula inveniendus in tabula cafus ,ubi
fpecies £,z ,p,¢ codem figno donatz funt. Poft invenies con-
ditiones,, in -quibus formula aut imaginaria eft ,aut pertinet ad
re@ificationem alterutrius ;. vel utrivfque fe&tionis. conicz , &
numeros denotantes, qua irn loco difquifitionss hoc fit demon-

A3 Vf—8%% ©
e —————
o - VPt 93%
invenias in tabula cafum, ubi f,4 figno -, g,p figno —af-

feCtz funt: atque hic ultimum in tabula locum tenet. Hic no-
tatum reperies, formulam realem efle non pofle , nifi 3 media

firatum .. Canffa exempli propofita formula

—

e .V VP

ft—tntra—timites =5y ———=35 =55 ————Praterca <cogne
Ve vV

fces, fi g pt>f 7, formulam integrari byperbola reQificata, ate
que hoc demonftrari N.V ant N. VIIL . Contra fi fy>gp,
comperies,, formulam ad fui integrationem indigere re¢tificatio-
ne utrinfque: fe&tionis, atque hoc probari N, X1I1. Ita de ca-
fibus reliquis .. : :

Ex his omnibus colligas velim, formulas omnes, - quz re<
ducuntur ad noflram, integrari per hyperbole & e'lypleos res
&ificationem. Verum de his nihil dico, quia hoc folum mihi
in przfentia demonfirandum: propofivi, formulam a-(—g/—_f—;t—f-g s

: . . Vp+93%
quzcumque fint £, g, 7', ¢ femper conftrui redificatis fetionibus
conicis: quod quum ablolute perfecerim ,difquifitioni finem im-
ponc .

DE
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DE FORMULIS;

Quarum integratio dependet a reftificatione ellypfis,
€5 byperbole . Difquifisio Analytica

N fuperiore difquifitione, ubi per arcus ellypticos, & hy-
4% Vi4ga%

-— 9
VP4

quam deinceps canonicam appellabo, dixi, formulas omnes 4
que ad reduei » redtificati ellypfi
fimiliter conftrui. In hac vero guznam fint hujulmodi formu-
1z, inveftipabo. De theoria hac ingeniofe ante me egit Alema
bertus formulas reducens non ad meam canonicam , fed ad duas
alias formulas, quemadmodum monui in fuperiore dilquifiric.
nel Ne difcedam ab illis honeftis moribus, qui geometram
guemque decent; palam profiteor, me non folum zb inventis
Analyfte illins plorimam utilitatem cepifie, fed etiam aliquan-
do ipfius methodis ufum fuifle : neque ipfe profeflo tantum for-
tafle theoriam amplificaffem, nifi mihi vir {ummus facem ante
pretuliffer. Nihilo tamen fecius {upervacanea , ut fpero , non
erunt fudia, laborelque mei. nam {zpe methodo fimplicitatem,
atque elegantiam conciliavi, & theoriam iplam promovi addens
nonnulia, quz non videntur contemnenda.

1. His premiffis rem aggrediens adverto, me in lemmate
tertio ejus difquifitionis, in qua per arcus ellypticos , & hy-

dz \f+gz%

. . VPt 933
appellabo canonicam ,ad hanc ipfam deduxiffe formulam aliam

perbolicos cornftruendam curvavi formulam

perbolicos integravi formulam , quam, ut dixi .

ufum hac methodo . Formulam canonicam

V223 Vptg33
1ta dilpono

a5
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davif+gza___fdstgxzdz . fedztgexidz
Vg 3% VI8R%.Vpt 135 9.VERA VT 1R
o Jfoi—gpdx | 8d3VPH1RR
VgV te3% _gVitezz
42 __78xVf2z% __ 2dzVpHixR

ViRexawpt1xR  fr8prte3a  fr—erw/Freas
Quz duz formulz quoniam conveniunt cum canonica, confiat,

dz

VIR VP+e7%
Scholium primum.Si una ex radicibus per conftantem mul«

: Igitur

formulam femper reduci ad canonicam.

tiphicata alteram daret, tum fg —gp: quare inutilis eft hu-
jufmodi preparatio. Verum in hoc cafu evidens eft, formulam
nor indigere arcubus ellypticis, & hyperbolicis , fed integrari
fuppofitis dumtaxat quadraturis circuli, & hyperbole .

Scholium alterum. In memorata difquifitione IN. X, X1 §
XII tres formulas fummatas exhibui, que in preflenti conti-
nentur . Quare in illis cafibus utilius erit eam integrationem
ulurpare .

IL Si radices duas formulz fuperioris fimul multiplicemus,

aliam obtinebimus hojus forma d__{______ , in qua
o+ bzt "

poteft etiam efle —o0. Si" trinomium 7-- 19{(—4—-524, fit re-
{olubile in duo binomia realia hujus forme g-+z %, conftat
ex N.1, formulam integrari {uppofita re&ificatione ellypfis, &
hyperbolz. Vernm fi in huju{modi binomia refolubile non fit,

. ob .

quod contingit, quum 23— , docendum eft, quo pa&to foka
¢

mula fic tra&anda. Primum ejiciendus eft ex trinomio fecundus

terminus ope fubflitutionis 53—+ ToTS U X qua nafcitur

2=
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“udu '
:((“"uu"'—“)d( l/;::b: ?

b
2 ¢

T 4 _ .,/ b5 a
u//a+~é(z-+fi - ]/a-—;q.cu

fi ofitis b—n a——b —cm
ive poll Cﬂ ? 4.(:# ]

wdn

R YU Uy dz=

H/a+b :(:(%—fg V c. m+u o
“wu—n

Transformata itaque formula habebimus
dz wdn

]/n+bz7—‘—f'< l/u— n.l/c M-t
U[urpanda nunc eft {ecunda fubftitutio

PR ]/m -+ w =Ty Y ,ex qua oritur
4 2 4
m--u =y —avuyy-—u , five

4 %
gp—=2 "M =8 7 & fumptis differentiis
24y E ZJ.
4
wd = ydy  mdY 4y, X" praterea
2 zyi zy;
yz m _94“‘7‘7’3/2”"”7 :
uu——-n:’n«;—--—";"“ﬂ: — - Hoc trino-
z.y 2 Y

mium y — zn_lj -—m refolubile femper eft in duo bmomm..a

realia , nempe ¥ g l/n +my Y Mn—l/rz +-m 5
five fubftitutis valoribus m ,

ARV e

s quz duo binomia in

110=
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noﬂra hypothefi funt femper realia, quia quum debeat effe
bb a
— ;>-——C—-c~, neceflario — erit ‘pofitiva: Ergo

]/:::1 :]/_’I_V—“"“—F‘]/ I/J_y———_l/

y¢z
4 _1}4 2 W m 4 2 m myz
Demum # - m =1 -—._-1——-—4-{- m— _.,{..___. .
4 4 4 4 4y
4 ’
Ergo ]/u e -_+_"%:y tm . Itaque pera&is fub-
2 "
Y Y

flitutionibus fiet
a3 dyy s
]/ﬂ*‘t“b4%+”n \/C-l/_yy*“+|/~-l/_l ———--1/

qua ex N. I ad canonicam reduc:tur Fa&o autem calculo invenies

dyl/:—!Lr S vy d_yl/_é_ l/.:-+ yy
= TS TR
et V2 VI s

exiftente y — z;%+_[’_+l/=~l—bz‘+ c3
. 2¢

(4
11L. Ut 2d canonicam redigam formulam
2243

VI 235 Vb 1%3
ca hoc modo

dz Vi+ezz_ fdz — R334z .
I,v@-kq%% ViAZ 3% VPH13R VIHERR WP
gitur

M ' z22d%

, deduco formulam aumeri I a canoni-
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2743 L dz\/)u—ﬁ%{ - fdz.

Vg% 2. \//)-'911{ 5’\/P*”i“5’ 4 "\//"i‘g%‘: ‘/P+9%4
atqui ex N. I

fdz _ fedzxy/faxi

N T A TR
faxvrtazz : Ergo fadta fubtrattione

fo—gp.viHsg3x N
. REdz —pdzvf ENTES fdz\/P-!—qzz'
Vi23z.v/pty33  fe—gpopra33 fegpViF- “fgn

quz duz coincidunt cum canonica.

Scholium . Inatilis eft hac preparatio, fi fy==gp; fed for-
mula in hoc cafu ad ful incegrationem non indiget, mh circu.
li, aut hyperbole quadratura. ZZdZ

IV.Ut ad canonicam reducam formulam ~——::1—.—.::’.—~~~,

e l/ﬂ 1—[/% 7"{—{' 2
quum erinominm a—~b 2 +cz4 non potéft refolvi in duo bi-
nvmia realia hujus fermz f+4-g =z z, neceffe efi , ur privs ad

canonicam perducam formulam dxVf+2zz. VPl . Hanc

2Z
ob rem utar methodo, quam n deinceps latius patere oflendam .
Vitzzz- \//’—f—q ZZ

Quantitatis accipio differentiam hoc mode

¢ ——
pYF2zz. \//H—qz% _7da A3z 2 dzy/rbezx

< Vit132 Ve Rz

R el s
Az ;/\z /Pt g 3%, : Ergo fa&a tranfpofitione
T A L e T AT
23 — S
gd 2 /[ 3Vrtg3g " 7
74XVIFRRR | 893VPE05R Quare propofita formue

VP+a 3% Vi+z33 .
la
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a inventa eft zqualis duabus, qua convemunt cum c:momca,
dempta formula integtabili.

V. Ad,rgducendam- formulam _x4% — 5 quum

a+b%a+cz

, »—:>~—b—, quo in cafu trinomium non eft refolabile in bino-
¢ 4cc

mia realia, utor eadem methodo , iifdemque fubﬂxtut:ombus y
quibus ufus fam N.11. Effecta prlma fubflieutione invenies

2Z4% — udu‘/zm

. Peralta fecunda ontur

]/"’4‘511"""“4 i/c m+u

PP
. S === dyV #+;/ —+yy 4 —“V Ly
E//z~l bz C‘{ '

Vac.yy
atqui ex N. IV,

R ——

I/——+ ——+yy 1/—*—1/ 45y

S MR, B

Vatbazca'
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L .
: Q. E. Inv. - :
VI. Ex his formulas alias magis patentes nancifcor, & ad
canonicam péerduco. Hanc ob rem fumo differentiam  formula:

N

~. P

:zj]/_aﬂ—_bzz%w{i_ﬁoc- modo o
) - 4
szl/a—l—b(wﬂ—c{:r{r Id(l/n—t—hzz—ff%

r+1 . r~3
bz dzedeacy Cdz N ; 3 1
o : —Formulas duas ad camdeny—des

4
. Vit bzzt g
nominationem reduco , ut fiat

Dz | atbrx—c = _
¢ dz.r—ld <+;—;»I—/}7‘r.;_. dz -+ . c‘zr * 5a?z,

Ve y
fatbxxA=cR,
VIL /Equationem hanc primum ita difpono

X4z p¥ahased
l/ld-l-b%(%—czty y—2.c |
——— r—t
— @)Lt dE () ras_ 4%,
. ra.c l/f"i—b %ZZ4-c% ¢ r2.c aA-bg 3¢ 7,4

Siyr—n »formulz B,C reducuntur ad canonicam velex N. III,
& 1, fi trinomium refolvi poflit in duo binomia realia, vel ex
N. V, & I, fi refolutio binomii in trinomia realia fieri non
poflit. Si »— 3, formula B ex cafu fuperiore , formula C ex
N. I, aut V ad canonicam perducitur. Si #—g, formulz

B, C ex duobus cafibus fuperioribus refolvuntur, atque itaw
deins
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demceps in mﬁmfum. ergo formula i oy ('

' I/a—-l—b {+c2.
flente # numero poﬁtlvo & impari femper reducxtur ad canoni«
cam, atque integratur per arcus ellypticos, & hyperbolicos.

" %cholium . Notum eft omnibus analyftis, formnias duas-
Z_fj_____ N 43 — ad . qu lntegrano-
l/a—kb%‘:(—%cz % a+bzz+cz, Lo

nem ad fummum reqmrerc quadraturas circuli, & hyperbola: Col-

'.}.5

exie’

hgemus promde formulam fupenorem AR , exie
}/: % { rl/"“"’"“ 4
ftente # numero pan & pofitivo integrari quadmus cxrc\lo, &
hyperbola. Nam pofito » —o, appare:, — K‘{i_______
' ﬂ—l—bzz-—f-cz
dependere a duabus fuprapof‘ tis; fa‘to r=2, tormula o
B dz — dependet ab integratione dua_r_um
Vot bzt
ok zd_E_* _x43, ____,: 5 arque ‘ita deinceps

l/n—wt«bz{—’rm( l/ft*i—ﬁ z—l—cﬂf :
progrefia fatts manifefto .
V111, Eamdem =zquationem N.VI nova hac ratione dlfpono

r—1I
: : ' l/"’ bz
By~ p AT Ak <
l/ﬂ+b%%+c‘; . o . ;
. ';—‘_:MI. .b d ______.__._" Ff""g O
—(B) ’*luf___‘__-(c) ey Yz o

Ml/a—l— q<+c% M}/a+b:{z+ c2.4
o~
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#=—-—1 , formula B, evanelcit ; formula autem C ex N, IIE'5
aut V ad canonicam reducitur.’Si v = -— 3, formuia B ex- chfy

fuperiore , formula C ex N. 11, aut Vintc\grg.tur._ Si re=—,
ex duobus cafibus fuperioribus formulz B, C funt in potefiate,
) ¥ I .
. dz '
atque ita deinceps: Ergo formula _2 L2
Viatbaztext

teftate, fi 7 eft numerus impar, & negativas.
. Scholium. Si ftatuas » 2qualem aumero“pati, & negativo,
. 1 ' . :

P :

patebit formulam % LA

Ve b3 2tcg’

ad fui integrationem non

indigere, nifi guadraturis circuli, & hyperbolz. Namque fafto

g%y — _._lii_‘mm_w_ pendebit a duabus
: .zsz/n'—i—bz.z—i—cq‘l
L 9% 5, 142 ; allo r=~—g,
aV et ozt Viatbzaed |
__iz_' — pendebit a __,:iz__ .
Zs at+ b33+ f%4 %3 a+b{z+ﬂc%4.

4 o .
. i______._ 5 atque ita deinceps progreffu fatis ma-
z l/a—-l—bz‘_%—i—ci’x+

nitefto . ' :

1X. Ex his, que ha&tenus demonfirata funt , manifeflum

t
dg .
eft, formulam —— 2 ———— reduci ad canonicam , atque

1/ L4

i Vatbzz4-c3

adeo integrari per arcus ellypticos & hyperbolicos, quotiefcum-
que 7 fit numerus ‘par vel pofitivus, vel negazivu;. Si vero ¢
fit .impar ,non iadiget nifi quadrataris circuli, & hyper-bola’. .

X. Fran.
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R dx Vi+ais
o pgRR
gotio reducjtur ad fupetiorem . Nam facta multiplicatione , &
divifione per /f-l-g %z oritur '

t e ’ :
zd% ViTgxa_ fzdz "
ViR VAERRVERIAR
. z : :
g 4% , quarum utraque in N. IX continetur.

VIHg3%/Pa3% o : .
Ttaque fi # fit numerus par vel affirmativus, vel negativus inte-

X, Tranfeo ad formulam , qua nullo ne.'i

greatnr {uppofita relificatione ellyphis , & hyperoole ; fi ¢ fit
impar, contenta efl quadraturis circuli, & hyperbol. —

X1, Idem dicendum eft de formula thi‘i‘ﬂ'ﬂ_i“;ﬁ z*,
Fiatenim multiplicatio , & divifio per Y atb zzoegt ;
atque hzc obtinetur zquatio K‘rdzl/di—l—[lgz‘—i—-»c {4" —

ﬂztdz, o bz'[i:dj_____»h ez Tz

2

]/rz-—{—bz(—l-cg"’ ]/a—%—b:(z—{—rz? ]/:ﬁ'[;q:(*l-czf
quz tres formulz {pe&tant ad N. IX. Tgitur fi # fit numerus par

. r 3
vel pofitivus ,vel negativus, ¥ dz‘l/zzv—l— bz g—%—czﬁntcgratur
per arcus ellypticos , & hyperbolicos; fi # fic impar, per folas
quadraturas circularem , & hyperbolicam .
X1f. Luce clarius eft, formulam

— ——fl ———

zf catbzz e *.d zl/a “A-bzy+c (’ ad fuperiorem per-

tinere, [ . (it numerns integer , & affirmativus ;nam elato tri-

nomio ad poteftatem ¢, plures formulz exorientur, quz ad {u-

periorem pertinebunt. Atqui formula expofita huic zquivalet
’ e+ 1 g

S p—

4 . . .
(!dz. a--bzz+cx > ,in qua ze-+ 1 erit numerusim,
: par,
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par, & pofitivus: ergo exiftente + numero impari, & pofitivo,
z . . . P .

formula z.tdg.a%—!?{z»l—c * 2 integratur, fi¢ fit par, per

arcus ellypticos, & hyperbolicos; i # fit impar , per quadratu-
ras circali, & hyperbolz. S

Alio modo idem oftenditur. Formula
(4

zf.,auf—bzz—i—rf-d-z

convertitur in plures formulas, quz ex

V/ v 4 : ,

a~tbz 3+ o )

N. IX integrantur, elevato trinomio ad poteftatem ¢ pofitivam,
' 2¢ —1I

S _ ] i) 4
& integram : (cd hec zquivalet 3 42 .2~ 035-+c % :
ergo fatto z¢— 1 ==v, qui neceflario erit numerus impar, &

e r

. . t .
pofitivus , habebimus formulam % d3 .0+ 4653-+c3  ©, qua
uitegrabitur per arcus ellypticos & hyperbolicos, fi # it numerus
par; per quadraturas circuli', & hyperbolz, fi ¢ fit impar.
t = e e
R[4z Vf+gx%
. Pg2
¢ numero integro, & pofitivo ,elevato binomio ad poteftatem ¢,
convert:tur in plures formulas,que integrantur ex N, X :fed exe
£ e 2 E T L

pofita formula huic zquivalet i_déf__j:ﬁ;% 2 > If QU
. VPR :

2 ¢+ 1 neceflario eft numerus impar: Ergo exiftente » numero

XIII. ‘Simili ratione exiftente

14 —-—'—-—--——___r__
2 d3.f-83%2

_ VP13,
ficatis ellypfi, & hyperbola, fi # fit numerus par vel pofitivus ,

vel negativus ; quadratis circulo, & hyperbola , fi z fit impar.

impari ; & pofitivo , formula

obtinetur reétis

X1V,



Opufeulum 11 | 97

?
2

pofitis

¢
X d%.p 744 «fHEA%

7323
?,¢,r numetis , qui fupra definiti funt, elevato binomio ad po-

teftatem ¢, in plures mutatur, quz mtegranonem recipiunt ex
7‘

X1V, Formula item

ze--I

N.XIII: atqui ea zqualis eﬁz d%. 0825 3 - fHg33 2 ,

in qua 2¢— 1, eft numerus impar, & poftwus, qui fiat =s:
r s

Ergo %td %. f1g43% 2. p+747 2 reStificatis ellypfi & hvper..

bola integratur fiv,s fint numert 1mpares & pofitivi s, & #

TUS
vel poftlvus, vel negnnus formula per quadraturas circuli , &
hyperbolx abfolvitur.
¢
XV. Abfolvam nunc formulam — 3 & 7 vel

H—bz Fcz
trmommma—}—t’igz—l—-cq poflit refolvi in binomia reaha vel
fecus , exiflente r pari aut pofitivo aut negativo, & # xmpar:, &
pofitivo, que formula al:quanto elt difficilior. Conﬁdero primum

cafus; in quibus aut z{> =1, aut z==s~-f,autz=—¢—1I.
Le—vr — 1

”
A ’%dz'f . Statuo

Hanc ob rem formulam ita difpono

a—+-62% e

fwmp— 1
f:tfi_%*—”% —un,ut formula evadat i———-——z-d—i ata
3 r
b—u" e *
qui %4—1— w—:“—qz: 2 Tgitar
c c
|
2
qz=:£+w +l b—_-” —— Ergo

¢ 4¢c¢

N 3d%
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[ ——Y

wdu udu.b-—un
— : . Demum
%dz‘ ¢ e .
l/ o
4c¢c ,li:" .
l 45;‘ 4
l‘!; 3
z d% do  dub—uy
T T T = e
4z REw eV B 4 e
a+b7%-4-cx 4 PP
tmy—1
. — -
. ~b-u b—wu 4 .
du&a lﬂ-——-“—z: &""* - \ qcc¢ c

Quoniam tam ¢, quam #—+ 1 {upponitur par , evidens eft
: : t—r—1
nunterum ¢ —#— 1 effe parem: Ergo ——'2‘——— erit numerus
integer. Itaque fi fit # ant > , aut = r~+1; elevato binomio

. r—yr—1 e
ad poteftatem integram — -, fa&aque multiplicationes
2

plures exorientur formule, quz ant erunt integrabiles, aut per-
tinebunt ad N.IX, & XI, & indigebunt fectionum conicarum

reQificatione.
St ¢ —r—1 noftra formula in hanc mutatur
T — 1 .
% d=z. , du
— = - ———————— quZ:ex
N P 1y ¥
a+bzzt+cy * 20 b—nw @

e . . 4re ‘
N.IX per reftificationem fe&ionum integratur.

XVI. Ad reliquos cafus abfolvendos pone = —I‘, & hae
u '

—F 2 2

. :
.- % d —
bebis 3 =" ___‘r_”. Hzc formu-

2 4 2 .
ad-bg +ezt? as —=bon ¢ * l2
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la ex numero fuperiore integratur fi —z-f-25— 2 fit ant &
aut =7r~~1, five fi 7 fit aut ‘<, aut =#—3, quz hypothe- .
fis includit etiam # negativam :fed hi cafus unice reliqui erant
ad plenifsime integrandam formulam. .

Si ponerem — z—-25— 2 =7 —1, qui calus item ex nu-
mero fuperiori abfolvitur, iterum provenit r—r—1, qui pari-
ter eodem loco abfolutus eft.

XVIL Ex deobus numeris fuperioribus conftat, formufam-

2
z 4%
L- v
8332 pg332 '
num, fi # fit numerus impar, & # par vel pofitivus, vel nega-

egere reQificatione conicarum fe&ios

— e ¢
fl-p27 o Jdz
7 T L T T

tivus: Ergo fimiliter integrabitur,fi ¢

r

2 2
f-g3 ¥ ptezz’” L
fit numerns integer , & pofitivus. Nam elevato binomio ad pe-
teftatem ¢ mutatur formula in plares , guz ad f{uperiorem {pe-
‘—"‘-—-——2 &7
- , . fgrr——d%
&ant . Atqui formula xquivalet huic (. IS

+

2
] ptaz ?
qua 2¢—v eft femper numerus impar . Pone 26—r==s, fi
2e¢>v; fl 2e<r, fac 2¢ —r=—-—75, Provenient formulz duz
7 e i 4 '
7 d3. 2232 % 4%

—_—— b

, que refificatis

3

1
prg3% 2 J+g33 2 4R 2
feétionibus conicis integrantur. o
XVIlI. Omues formulz, quz haétenus re&ificatis fe@Qioni-
bus conicis integratz funt, ad has duas reducuntur
r 5 e v

4 ¢ )
Zd5.abz3-cx P, 2 dR. fgzz t prgzat
in quibus # eft numerus par vel pofitivus, vel negativus ;.75 5
funt impares pariter vel negativi, vel pofitivi.

' N2 Scho-
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- Scholium . Formule iftz duz , que complectuntur omnes
illas, que traftatz foar a N.XI[ ulque ad N. XVIL, fi ve]
“alteruter, vel uterque ‘ex numerls ¥, § fx_t par, aut 7. fit _impar,
feftionum conicarum reétificatione non indigebunt, fed integra.
biles erunt ; vel algebraice, vel per notas quadraturas circuli,
& hyperbolx. ' .
XIX. Ex numero fuperiore facile deducimus, formulas
# r " § »

———— -

xtd x.amebx —cx 2 stdx fA-gx > .ptgx? in
tegrari reftificatis fe&tionibus conicis, fi numeri u, s, fint o-
mnes impares vel pofitivi , vel negativi. Nam fiat x=z3z,&
oriedtur : ‘ ;

i $

— V‘ e 5

<

~

R _ 45 w1 o >
%3 dz.atbzz-tzz 22  dRJHER3.ptgsE T,
in quibus #-+-1 eft par: Ergo iftz colncidunt cum formulis nu-
mer1 {uperioris . :

. r

XX, Formulz dux s'dx . ke b x * o atbx-t-¢ xzh?

3
2 N 5 r

sfdx k4-bxr  fopgx2 pgx2,fiz fit numerusine
teger, & politivus;u, s, » numeri impares vel pofitivi, vel ne-
gativi, obtinentur fuppofitis refificationibus ellypfis & hyper-
bolz. Fiat enim k~-/x =4y & orietur

" P T
b?ﬁy—'g— '-I/zd_l/o 2 ""l'_b_y "—{_—'Cy%z
’—ik —z Cky
. b
i—_ck
b'.’.
2 T t 2 s ,
53.}/-—-_[’— ,yldy. fk+g_yl. ])k—{-—g_y,q‘ugg‘e[e’vato
_& : — : . .
b G

JBing-
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binomio ad poteflatem integram, & pofitivam #, faGtaque mula -
-tiplicatione plures orientur termini, qui omnes integrabumtur
per numeram f{uperiorem . ; .

Scholivm . Adverte , tria binomia k5%, fd-gx, ptg%
inzqualia efle oportere ; fecus formula non egeret rectificatios
ne {eétionum conicarum . ’

Corollarium. Si #=s=y, formula hanc formam indue-
’ L7 .

. 4 2 . .
ret Xd % . a-kbx cx —ex 2 , quz hanc continet

r Z $ . . .
wdx l/fz+&x-—i—cx ~-ex': nam quadrinomium

a-bxAcx ex femper habet faftorem realem hujus for«
mz k-4-5x.

X7 Xry Yy 'n N - ' e s
XXt Quamquant; —exiftentc —+numere pofitivo, de _for=
mula nihil poffumus. pronunciare: ta.

P ' 2 3 L
x Vad-bx—tcx —+ex : .

men, fi ambz. 4, c=o0, facile fatuemus , quandonam formula
contenta fit notis quadraturis circuli, & hyperbolz , quando-
nam pofeat reftificationes hyperbolz, & ellypfis.. Hanc obrem

pramitto primo, formulam integrari per quadras

xv/ﬂﬁ-c¥3

turam cirenli, aut hyperbole, quod tibi conﬂabit:ﬁ utaris {ube

flitutione %z——i— ex3 ==y .Przmitto deinde, formulas
xdx . dx

ey, — poftulare re&tificationem ellypfis,

l/ﬂ—Fe:c3 l/rz+e>¢3

& hyperbolz , ut probatum eft numero fuperiore.

- . . . a—t+-¢ &-3
His premiffis fumo differentiale formule —-—--q—-—,_quae
: o

eft hujufmodi
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y/a+ax3 . —7d>€]/a—+—’£‘x. o sedx
M AL A N ——A
Xq xq+-1 qu ﬂ»—{_c;‘;
five faa opportuna reductione

]/II—H'“'; —qadx __"‘.7‘7-4—3..9-{1?‘: X
= —_—— q —2 ——— T T e
5! :»:quI at-g %3 2% l/4+gx5

XXil. Formulam inventam ita difpono

~.

(A) doi _____D]Az—kexs(B) —2g9+3.edx

— , q — :

x?t Il/ﬂ..|_gx3 qax zqam‘q zl/rz—-{-cxg
¢x qua conftat tormulam-A dependersa B..Si g — 1, formula B po.
fcir retificationes ;fi g =.- 4, B integratur ex cafuprimo;fi g==1
ex lecundo; atque ita deinceps: Ergo i 4 fit numerus ex hac
ferie 1, 4, 7, 10, 13 & cz. formula A pofcit re@ificationes cos
nicarum feétionum. . .

o St g fit = 2,formula B pariter indiget reQificatione fe&io-
num conicarum: Ergo etiam formula A; fi 4==5, formula B
integratur ex primo cafu;lig =8, ex fecundo ;atque ita deinceps.
Ergo formula A integratur per re&ificationem {eGionum coni-
carum, fi 4 fit numerus ex ferie
2y 5, 8, 11, 14 & c=.

Demum fi 4=3, formula B folas quadraturas requirit :
Ergo etiam formula A';.fi 4 =6, formula B integrarur ex pri-
mo cafu; fi 4==¢, ex fecundo; atque ita deinceps: Ergo per
quadraturas circult, & hyperbola intcgratur formula A, fi 4
in hac feric contineatur , :
3> 6, 9, 12; 15 & cax.

Quare divifis omnibus numeris in tres feries ‘
1 4 7 10 13 &c. cuieft terminus generalis — 35—z
2 5 8 11 14 &ce.  cujus terminus generalis. =—3z—1
3 6 9 12 15 &ca. cuiconvenitterminns generalis —3»

formula — JL: per folas quadraturas circuli & hyperbo-
¥
% ,q1--|-—e:~:i

Iz
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lzz integratur ,fizcontineatur in prima ferie, five pofito # nume-

ro integro fit — 3z —2; per reQificationem hyperbole & elly-

pfis, fi # contineatur aut in fecunda,aut in tertia ferie, five fit

aut s —3m-—1,auty==37. ‘ :
XXUL Ex fuperiore facile determinatur formula

d 1/11 —+—ex$

x , ——mt
—— i mam fa&a myltiplicatione per. %z+exsoritur

hd
d.__xl{f"%ex;_i{-_a—!r-‘exg - adx

x xr! arg ] t!/fl e PY‘S
— cii:x::::, quarnm utraque eft in poteftate. Si exiflente
5 T ex’ :

» quoliber numero integro, & pofitivo, fuerit aut 2 =3z,
aut #—=3#— 1, utraque formula reéquirit reétificationem elly-
plis, & hyperbolz; fi vero —=3#— 2, contenta eft notis qua.
draturis circuli, & hyperbolz. T

Alio modo. Si zquationem inventam N, XXI opportune
difponas, hanc obtinebis

3 3 o ‘

a_i_%k_//z_—}-%i:_~D]/‘¢+:x - gedxv__ _ Gve

,(] - K g—2 3 /

Ga 7% 24X at-e X
falta g:k_l_.:“:t o q ]/
4=l ot e’ Vietex jedx
T =— D= ,_—__—IF-I" A *—-——___‘__*‘;,
* Flx z.r*—l.x—sl/a—i—ex

quarnm ultima ex fuperiori numero eft in poteftate . Excipias

tamen velim cafum,in quo 7 =1: nam formulz duz dividune

tur per 0. Verum formula ~———————— integratur per -qua=
X

draturam circn'i, & hyperbolz, ut cognofces fi utaris fuftitas

. 3 T

tione ;/zz—l—ex =1, XXIV.
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XXIV. Hinc colligimus integrationem formulz
r . .

o -
- = e : . . . 2 M
.d_f_;”_tﬁ___,exxﬁentc » numero impari, & pofirive, non.,
t
X

fuperare refificationem fectionum conicarum. Namque ea in
. . _

372 g
. a—eX ax™ .
hanc formam mutari poteft — —— 5 il qua - des

xt]/::{—— e.xs

7

bet effe mumeru ) 3 + Er o
2

to binomio ad poteflatem pofitivam, & integram, formula in
plures dividetur, qua ex N. XX, & XXI1, funt in poteftate.

XXV. Nihil reliquum eft , nifi ut integremus formulam
WA X N . . . . .
___..._'_i-—-—* . Hanc ob rem fumo differentiale quantitatis

1 3
X .4+ eX *

, & lnvenio

42 37,
o . atex *
1 . —t—a.dx
ey T2
¢ T2 t 4 S
T2 e 2 T3 i e 2
r—2.d
3 ———, five
32
2% ,a-ex
dx —
(A) ——— = D ! -
e 3er—a gy
X atex 2 x L artex 2
{B) z.t—-l—z..dx

4—ys €X qua zquatione conflat,

- P33
Jor—2.% A tgX 2 formue
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formulam A dependere 2 B. Si »=—3, formula B efi in pote-
flate: ergo etiam formula A; fi r—s,formula B ex cafu pri-
mo nota eft , adeoque fiet nota formula A; fi r=—7, B ex
cafu fecundo innotelcit , igitur & formula A, Quare progrefiu
in infinitum produlto conftat, formulam A efle in -poteftate,
“neque ad fui integrationem requirere plus quam feCtionum co-
nicarum re&tificationes. : : r

XXVIL Quapropter generatim formula wdw. a g ? s
fi # it numerus integer, » przterea impar, & uterque vel po-
fitivas, vel negativus, vel eft algebraice integrabilis, vel pen-
det a quadratura circuli, & hyperbolz, vel certe per re&tifi-
cationem hyperbole & ellypfis integratur.

e . e At vy 3 ) X

indigere rethﬁcanor]c fectionom conicarum, fi 7 =3 2 ~- 2,

ctiamfi # pofitiva fit: immo in hac hyporefi formula eft alge.
N

braice integrabilis, quad palam faciet fubftitutio atex’ =y,
XXVIL, Si ¢ Gic numerus integer & pofitivus, #,s 7 nu-
meri integri, & impares vel pofitivi vel negativi, formulz
1 ¥

dx . Kdbx? .at-bx —chz z

I__'_z_%'ff%—zr
x
“ 2 2
. S 2 e b S 2 o
dx. k+ hx . f+ "’: —;P T 9% fcillime reducuntar
popa 22T
5 Z
ad N.XX. Fiat enim x _':7{, & orientur
* o—
ey KB ay byt
k2 5 ¥

- ytdy. ky—+ b *ofy+gt.py+q*,queex N.XX
integrationem accipiunt « o Con
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Corollarinm. In formulis fuperioribus, quum z debeat effe
pofitivus numerus , & integer gyidens eft 274, debere effe
numerum parem, neque potle cﬁe.: < 4 cxterum ¢ foret nega«
tivas. Quare fi deinceps per fpeciem # intelitgamus numerum..
pofitivam parem, neque minorem quam 4, formulz fequentes
erunt in poteftate, exifientibus %, #, s imparibus vel pofitivis,
vel negativis ’ :

%

e 27 ;
dx.k 4+ hx ¥ atbx S4-cx * ~
r—+u-t-2ar
x 2 ‘ .
R U s J_ .
dx .k 4-bx? fagx . pagx "
S /A e

N 2
»  XXVIIL Iifdem fuppofitis

[ — o
dN.E—J]J_xZ.a%be—%—Cx“Z
r—t+u—-27r
m—t-nx 2
53 : o
e e A X T 2 2 .
dx.kobbx”frbgx".pHax" negotic redu-
tt+uts+v
m-A-nx 2

cuntur ad fuperiores fafta {ubflitutione m4-nx—=ny.

XXIX. Si # fit numerus integer vel pofitivus , vel negati-
. ¥

372
X, a-rex © .
vus, ¢ ut {upra, formula dx.atex © per {ubftitutionem
¥
o 3L '
% 2
——— e ¥
- . ¢ 3 2
¥ = 7 in hanc mutatur — ¥y dy.05° ¢, quz ex nu-

mere
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mero XXVI femper integraturvel ablolute, vel per notas qua- -
dracuras, vel feftionum conicarum re&ificationes.
Corollarinm . Quoniam 2 7-~4 in formula fuperiore debet
efle numerus par vel pofitivus, vel negativus, fi deinceps per 2
! r

dxeatexs?

intelligamus bunc numerum , formula femper
t+37 :
erit in poteftate. o % 2

—— r

; . . dx.atex *
XXX, Quare iifdem pofitis, formula €7 - 277° eft

b 3%

;z—:l:nx Z

in poteftate; quia nulle negotio reducitur ad fuperiorem ope.
{ubftitutionis m—~tnx—=ny.
Scholium. Aliqua adnotanda funt maximi momenti in for.
mulis, que continentur N. XXVII, XXVIIL. Generatim for
® R r
2

mulz dx.mtnxt. kKt hx.a—d-bxtcx
] s

% r

dx.mnx® kthx*.frga®.p-gx’ in qui
bus poteft etiam m==o0, & z==1,integrarl non poflunt etiam
advocatis reQ@ificationibus fe@ionum conicarum, fi @, #,5,¢
fint numeri impares, & pofitivi. Namque fecunda formula collata
cum formulis N.XX VI, aue XX Vil daret s+ n v —-s5=—®&,
Ergo # = —p—u—r—s, atque adeo ¢ eflet negativa: idem
dic fi faciamus comparationem in_prima formula;atqui exiften-
te # negativa formulz non funt in poteflate: ergo meque pros
pofitz. Verum formula

o — r .
dx .m—+nx-z. atex ? integratur ex N. XXX, nam ea
formula, licet # fit negativus numerus, dummodo integer, ab-
{olvitur . '

Oa . Ut
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. % S L
. . ,T 7 - - .Tf
Ut formula dx. k- hx” fAgx”ptgx fit
_ 0
m--nx u

in poteftate, quum cxponentes omnes funt pofitivi, neceffe eft,
ut ¢ fuperet fummam aliorum exponenttum #, s, # faltem per
gunitates:nameritg ==¢ - yg~t-s~t-r: ErGOQ —H —s5—y ¥,
fed # non debet < 4: ergo. Idem dicas qi alia formula

2 r —

do. KL hn? . atbrex
—

. Verum hzc conditio non re-

AR T
JR— ¥

32 -
e dx.a4-e¢x .
quiriturin formula——2—— "~ | pnam hxc femper ad inte.

s m-tnx 2
grationem perducitur {iltem per relificationem conicarum fe-
¢tionum . '

s r

R L% 2
X f wf-p % . —-g X .
De formuta 4> foix P pronunciz , eam
u

k-+-hx? .m+tnx 2
efle in poteftate fi »-+@—s—r non fit <4. Idem dicas de

v

—_—

b

dx.a-+ bxdgx *

formula fa&ta s—v. Immo etiam ds
"
- @
k+-hx® . mt-nxz
b2 .®
fOfmuI&dx_'k+bx T .mtnx2

» fi 27 fuperet 1~ 2

"
- L
a4 bx—tcx

fal-
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_faltem per quatuor unitates. Itaque '

r .

dx.a-bx—cx 2
bl = i 25 fuperet 2 faltem perquatuor

22
 fgx- b

unitates, five s {uperet » per unitates duas , abfolvitur , quo-
tiefcumque alterutrum ex trinomiis fit refolubile in fadtoresrea-
les. Verum fi neutrum hanc refolutionem admittat , nondum li-
quet, qua ratione formula integrari poffit. '
. w
dx.k+hx* S
, erit in po-

¢ : L

Item formula

. ) m_—l—n.\c—z—-.f-{—-gxz_p—-l—qxz
teftate fi @-ts-tr fuperer u faltem per quatuor pnitates; quod
dicendum eft etiamfi » =s, & habeatur trinomivm nen relolu-

———

e . - X . x 2
bile in faQores reales. Formula antem é_,_d_”_’:'_‘_”__: {fem-
per abfolvitur. : a+ex3 2
X
Demum formula d —
o L s L

e N e AR
femper abfolvitur . Verum formula
42

conficietur , fi alterntrum
;

" P
ab bx e N P frgn by
ex trinomiis fit refolubile in fa&ores reales . Quod fi neutrum
refolubile fit, nondum conftat, quo pafto formula integretur.
Que ditta funt haftenus, hanc reguiam fuppeditant cecu-
menicam . Quotiefcumque in differentiall formula 2dfint tantum
guatuor binomia priml ordinis elata ad poteftatem imparem di-
vifam per 2, & omiffo hoc divifore 2 [umma exponentium bi-

nomiorum , quz funt in divifore, fuperet faltem quatuor unita-
' tibos
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tibus fummam fimilium exponentinm in numeratore, methodus
fuppetit, qua faltem per re&ificationem feétionum conicarnm
ad integrationem perducatar. Si defic hzc conditio ; de inte.
gratione nihil licet pronunciare. Idem dicas fi adfit trinomium
fecundi ‘ordinis, quod tamquam duo binomia fpefandum erit ,
adeoque ejus exponens bis erit accipiendum. Verum fi duo tri-
nomia adfint, quorum neutrum in binomia rea{:a refolvi pof-
fit , nondum conftat , quo pacto formula poffit integrari.Quod
fi adfint duo binomia unum primi ordinis, alterum tertii, fem-
per formula aliqua ratione ad integrationem™perducitur.

XXXI. Reducamus nunc ad arcus ellypticos, & hyperbo-
dx

licos formulam - —, in qua

S, /: —

7 Z

o
a-tbx-i-cx g B
abx 4-cx )
¢ eft numerus integer, s praterea impar. Utere fubflitutione.

atb % - s
e b—c_—: _:\i_ lquanti:as A determinabitur in progref-

fu, prout libuerit.Formula flatim in hanc mutatur
z
A dx

—. Ex =quatione fubftitutionis habebi-

Prgx bt
muss” - 2= 2R 2 cergo
¢ cA ¢
— b
o= 2 |/lf_§+u/’—b— — 2 & fafta A= i erit
2¢ cA 4c¢ ¢ c
—b Y a ..
K= — - o — 1 1t
zg'i l/(ﬁ_;*cc - ¢ dgitur
dx = ____:'b : quo valore fubftituto in formula
2 ]/(-I——————f—
4cc ¢
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ax____ 2, que refultat ex ea, que paullo
28— S z .

€eR —r——. 82 -+ b

ante inventa eft, fubftituto valore A, habebimus

dz e s sque ex N.XIX,

t - e .
ac.g 2 f.l/w;g-—%.ng

fuppofitis reificationibus fectionum conicarum , femper intes

gratut , ' )
XXXII. Methodus fuperioris numeri palam docet , etiam

m dx
X . exiftente m
5

Fnrmnhm
Lailis

z.t ";_—
a-bx--cx  .g -+ 2
a-t+bx—tcx ) )
numero pofitivo & integro, per arcus fe&iogqm conicarum in.
tegrari. Nam fa@is iifdem fubftitutionibus orietur

m
b , bbb a
dz. =4+ V5+——= , .
¢ 4cc__ ¢ . Si elevetur bis
=T ) L
20, % gy AR ANy
4cc¢ ¢

nomium radicale ad poteftatem fategram , & pofitivam =z, fors
mula in plures dividetur, quarum aliquz non indigebunt reéti-
ficatione ellypfis, & hyperbolz, aliz per hanc reitificationem

ex N. XIX integrabuntur. N _ )
Si 6o, etlamfi » fit numerus negativus,dummoda inte«

ger , formula continetur N. XIX. o .
XXXIIL Formule fuperiores inferviunt integrandis formulis

4 x
-

a-tbx—mcx’ b o fAgn-t-bx

2

s
2

‘m'
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md . . . N -~ N
x dx -~ exiftente m numero in.
- Y
v 2
atbx—tcx " ftgxd-bx ‘

tegro, & pofitivo, & 7, s numeris imparibus vel pofitivis, vel '
negativis, quando &5 ==cg. Nam fecunda formula, quz in.
primam definit, quum m = o, ita difponi poteft

xma]x . s .
- LT e
zf,.f f-—%—gx—l—é_x_ f
a-tbxcx P N\ ) NV
abx-cx
;e
x dx

— > quz,

a-kbx—cx 2P _}.g_-.%é.x—k-f-—f?b zA

——— b8

e , 3
Ca-t-bxcox
zc=—0k, ex duobus numeris fuperioribus recepit integratio-
nem . .
Protuli hujufmodi formulz reduftionem ad methodum, qua
~ deinceps utemur , indicandam . Nam formula multo facilius re-
" ducitur. Ita enim difponatur

% d %
; I
q:z "i + ix-—;—xlz c[’zui*+‘!ix+x z -Fi&t
¢ c b b
M — — .-{--;’%-:.z. Igitur formula in hanc mutabitur
m
d3.53—— .
r r S5 J‘ 3 ﬁve
2 & bb 2, szs 2
¢ - cc-—l—%% ubl—b- ﬁ"l‘{.{

dZe
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e ]
- b
Az z“-;;

s quz, elevato binomio

s — I——sz St ﬁ+bzz

ad poteftatem s, plures formulas fuppeditat pertinentes ad N,
X1V, :

XXXIV. Progredior ad formulam magis compofitam, &
difficilem 4

i

— 5 in qua

At bx—cx g —"—-—kﬁj—_—b———z

a-tbx 4+ ¢ X
¢ eft numerus intcger,s pr'ctcrf:n. impar. Uzar lublhtutlone

ﬁj{{_/’ij_j.‘f_ i , in qua A eft quantxtas determinanda,
X+ K

in operationis progreﬁu. Formula autem in hanc mutatyr
A dx

. Ab hac formula utx arceamys
27 — 2 :

S
Z 2 Jkx+hb.ogz+A?
zquationem fubflitutionis ita dxﬁnbue

x —l————“-;v'— x 'm__+6% & refolutxone effeéta
¢ A

b 1//,/, zbkg+k<

= - ccA . Ut for—
=" 2/ 4 4 ccA
—a bz
o
I

o k .
mula fiat fimplicior, pone A = o & orietur
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= :f’-—l—q—k]/ bb R 2% « Ad faciliorem
2¢ 4cc c _
l“"ﬁ_ Haf
¢ k S

efficiendam analylim ftatuo 122 N ,fk_b__ A
c

4cc ¢

— b - .
Igitur x = —Z——C-—w{— Z v/ w287 - 34 ergo fumptis dif.

ferentiis d x—=d 7+ nd3—+2%d3 ___ﬂTKT\/"”‘fZ"ZW{-d(o
Vibanit-3i . Vmtanzzg

==K

Item kbs:i-ié:: A-b-tkzky mtang -t QT ats
¢

. —kéb T
qui -z—c-{— b—=ln: igitar

A% a3
r P S N ——
kxtb  k./mt2nz--g g a2/ mtan 2%
Quapropter propofita formulz} in hanc vertitur
z
— £1
rr 207S k

3c.3 2 «ZR 1/Mj“zn%+%%-n+<f»/r7¥znz1~?i

XXXV. Si £=1, formula fuperior evadit multo fimpli.
dz,

Hae,

22— $

cior , nempe

quicumque fit numerus s vel pofitivus, vel negativus, contines
tur femper in N.XXVII; atque adeo integratur per retifica.
tiones conicarum feftionum . :

XXXVI. Si ponas # =0, formula in hanc mutabitur

5

—

2 dz.
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{%dz . n~l—z+/m~+—znz+%%

s

e s bt

» quz falla multiplicatios

e et iy

pA [O—
k
SZ,—FZ—E .l/m-—%—znz»f—z%

ne in tres hafce transformatur
s 20} s
n% 2 dzg * d
- z 4% o

[ KN

2 [ S—

k k ‘
4%’._]@—_741’7—4—" z  gmt— ‘Aw—l-—o LY.
2 2= GRto=et e

)

; .
_ 2742 Harum tertia non indiget re&ificationibus fea
S

-~ + k *
& % .
&ionum conicarum, fed dux prime ne his quidem conceflis in-
tegrari poffunt. Nam, neglefto divifore 2, fumma exponentinm
in denominatore non eft major faltem quatuor unitatibus fume-
ma exponentium in numeratore . ]

Idem prorfus reperies, (i # fit numerus integer quidem, fed
negativus: nam translatis fa&toribus, prout opus eft, in nume-
ratorem , ut exponentes pofitivi fiant , elevatoque multinomio
ad poteflatem pofitivam —#-F1, divilaque formula in plures,
slique exorientur formnlz, in quibus fumma exponentium de-
nominatoris , omiffo divifore 2, non fuperat per quatuor whi-
tates fummam exponentium numeratoris: quz formule quomo-
do integrentur, adhuc jgnotum efl, .

XXXVIL 'Si vero 7 fuerit numerusinteger pofitivus , & uni=
tate major, przparare oportet formulam ,eam multiplicando, ac
r—1
dividendo per n - & — Vm~t 283 +3 % , ut hanc fore
mam accipiat P 2 d%.
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£l

d2.1z+% — J;$—517+z2

)
—

Lt —S 2, . -

ok —_—
-gz+;; mAanzzz

r ot !
2 L C.nn-—m o2

2

Sit primo r=—=2, & formula in has tres tribuetur
ndz ‘

H -

g ——

4cc.an—m.z - gzt— mt2mz-—3Z
2¢
R
+ dz —

I e —

——— ” (S —

4sc.mn—m.z " gz Wm-ams sz

—dz . . . .
. Tertia ex his formulis in-

4—s ———

__—;—v- k had
4CC.BB— M. Z £ Z ‘_zc

tegratur fine auxilio feStionum conicarum . Prima , & fecundaex
N. XXVII per arcus €llypticos, & hyperbolicos integrationem
accipiunt .

Ydem femper invenics, fi r fit numerus quilibet. integer &
pofitivus. Etenim divifa formula in plures, alizz per folas qua-.
draturas circuliy & hypetbolx conftruentur , alias N. XXVIL
compleQetur.. _

XXXVIIL. Que haftenus explicata funt, oftendunt,quan-
do nam conftrui poflit per arcus fectionum conicarum formula

dx

v s

. Etenim hxc ita potefi

a-brebex ¥, f+e R

€X=
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exponi ‘ _ d ' .
i . H
afbx»i—_cxx o _{.4_3' _f’_/ix fﬁﬁé 2
Co R ¢ ¢
2
_ a-t+bxt-cx ) ,
Quum fupponamus #, s efle numeros impares, manifeftum cft,
s :

fore numerum- integrum, qui fieri poteft = 7 . Suprade=

2 . .
monftravimus formulam femper effe in poteftate, fir— 1.Hoc
autem contingit primo fi s==v=1; fecundo fi r fir pefitiva,
s negativa ita ut #— s==2,ut i = 7,s==—75; tertio fi ¢

negativa {if, s politiva, ita Gf S—-7 — 2,Uf 115 — 5,7 —~  3»
In his omnibus cafibus, formula confiruitur per retificationem
fe&tionum conicarum.

XXXIX. Praterea oftendimus ignotum effe, quo pato for-
mula conftrnatur, fi ant =0, aut 7 fit negativa. Hocautem
accidiz, fi ex duabus fpeciebus 7, s una negativa fit, alterapo-
fitiva, & vel fint 2quales, vel negativa fuperet pofitivam ,aut
utraque fit negativa . :

XL. Demum demonftravimus, arcus feflionum conicarum.
femper prabere integrationem formulz, quotiefcumque # fit po-
fitiva. Quod obtinebis, fi aut utraque s, pofitiva fit,aut exi-
fiente una pofitiva , & altera negativa, politiva excedar negas

tivam. - r

XLI. Si in formula xtdx. a-t-bx ¢ xx 3 ¢ fit nume-
rus integer, & pofitivus, # vero vel pofitivas , vel negativus,
quem tamen non metiator ternarius, arcus fectionum conica-
rum ejus integrationi fufficient . Ulfurpanda et {ubflitutio

a--bx-f-cxx=—= cz’g : ergo >‘52~1-—{2—N: 25'—%5 five
¢ L
USSR SE 13 :
= l’+¥1/z‘--;‘— + 2 sde=_ 3743
ac 4c¢ bb
z]/z;— L

- c  4cc

Qua-
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Quapropter fadis fubRitutionibus formula in hanc mutatur

& r

LA V7S S L 3¢da Tz
2¢ ¢ 4cc :

- — o Quum z fit mu
i 4 6b '
2V =2 422
- ¢ g4cc

merus integer , & pofitivus , elevato binomio ad poteftatem ¢,
factaque multiplicatione, plures formulz exorientur, quarum a.
liquzz erunt integrabiles, aliz femper conftruentur per arcus el-
iypticos, & hyperbolicos ex N, XXVI, _
XLII. Superior formula, pofita & =0, reduceretur ad ar«
ens fe&Honum conicarum, tametfi # foret numerus integer, &

negativus ex N.XXVI, quoticlcumque per notas quadraturas
non haberetur.

XLIIL Progredior ad formulam x'dx. a—}—b#q—cxz;:,
in qua # eft numerus integer , & pofitivus, » vero impar vel
. )

. - . 2
pofitivus vel megativus. Poro s-bx—~-cx —cz : ergo

: Lreo
N - f_x:g:(-—- 2, five x:-«i%— ]/{Zmi—{- —"J-!Z,
¢ ¢ 2 ¢ ¢ 4¢c
& dx= __i‘%i,_ » Quare formulain hanc mutabitur
sz —2 422
c 4cc

—.;—;é—-}—]/zz—-—li -é__b_. etz * ds
¢ 4cc —
l_/zz—-f_—{—_[{i

binomio ad ) € 4cc
inomio ad poteftatem integram ¢, in plures formulas conver-

titur; atque hz omnes, vel funt integrabiles. vel redr
educuntur
ad N. XiX. BIDHESS

. XLIV. Pofito b—o, etiamfi # fit negativus, formula, nifi
integretur ant abfolute, aut per notas quadraturas, in furamam
col-

, qua elevato



~
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collfgitur per arcus ellypticos, & hyperbolicos ex N.
XLV. Reliquum eft, ut ;erba faciam de formula XIX.
" .

¢ .
X dxeat-b%--cxx " , in qua # eft numerns integer ,& po-
fitivus, r vel pofitivus vel negativus, qui tamen neque fit par,
neque divifibilis per 3, fecus enim formula in numeris fope-
rioribus contineretur. Ulurpetur hze fubftitutio ‘

,,+bx+c-xz:-_cz? 5 €X qua ﬁtxz—l-_b.x:: PARL ergo
[4 [4

——eeeeee

—b 3 bb ;
X _;_;—J.— l/z —,i—_%— —— 3 & fumptis differentiis

c 4cc
N % dz [ Ly .
dx= P taque formula in hanc mutabitar
2 ]/:2:g — L2427
¢ 4ccC
____._‘._———t r e
—b 3 a bb T r+ ?
. —f T L3¢ ey
vy l/ ¢ 4cc 3¢ .2 “d_z___ « $i binomium
2 1/33-——— i -+ .é_é_
: ¢ 4cc

elevetur ad poteflatem integram z, & fiat multiplicatio, plures
formula orientur , quarum aliquz abfolute: integrabiles erunt ,
nempe fecunda , quarta, fexta, alizque, quz tenent fedes pa
res; aliz nimirum prima,tertia, quinta, & reliquz pofitz in.
{edibus imparibus confiruentur ex N. XXIX. ‘

XLVI. 5i in premiffa formula, eflfet 6 =0, fa&lta fubfiitn-

- 2t —1
z _ —

. . 3¢ 6 2L 3 e

- tione oriretur formula el 2dz. z T s qu eft

in nofira poteftate, licet 2 fit numerus negativus. Namque fi 7
eft impar aut integrabilis erit algebrice ,aut per notas quadra-
turas circuli, & hyperbole ;fi vero # fit par, continetur Inco-
dem N. XXIX.

EPI-




iz0 Vincentii Riccatts
EPISTOLE QUATUOR
In quibus aliquot formuk ad con/lmﬁ’iaue}h perdu-mntw .
YINCENTIUS BICCATUS
PI O FANTUONO
' Sanil: Petmnié Canoico ™

S. P.- D.

Uzfifti ex me, Vir Do&iffime, ut ex mea methodo dedu
cerem re&ificationem Lemnifcatz per arcus ellypticos ,
& hyperbolicos, quo comparari poflit cum illis, qu jam-
diu tradite funt a Comite de Fagnanis. Morem tibi geram,
ut par eft. Sed nifi 1ibi moleftum eft, plura addam de inte-
gratione formularum , guz fimilitudinem non exiguam habent
cum illa, per quam.lemnifcata rectificatur. Ab hac curvaexors
divm ducam. ‘
Sit Lemnifcata CL B, cujus ( Fig.8.)corda CL ==z :con-
ftat, vocata CB == q, arcum directum

T aadsz .

CL=S S —__—, arcum vero inverfum
Vaast+z%.Jaa— 3z

BL__Q' - —andz-

_ —. Formu!z iftxz integrantar €x
_ \//_m-—i—z_z.-‘\/.a(t——zz )

N. XII primz difquifitionis : atque hac oritur conftru@io.Per
pendicularis C B ducatur CA = 4/ 2 , & pofitis femiaxibus C A
C Bdeferibaturellyphis AD B :tum poﬁto femiaxe C B dclincetu;
hyperbola =zquilatera BV O. Abfcinde CF == ‘/;;:--_z—;. V2,
cui refpondet ordinata £ D = CG = z, & determina arcom B D.

Deinde ableinde C§ =2V 445

¥, , & determina arcum BO.
2V 2

‘Ha-
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“Habebimus BL = § - “ﬂ‘dfm : =H—
Vaa—+zz.v as—33
\/””'*_fz%;‘/””"'z% -+ B D - B O. Ad determinandam
quantitatem additam H, adverte, omnia evanefcere fataz = 4.
Ergo H=o. Igitur ( .
BL=S —aadz _ —Vaatz5./ea—32

= -
" Vaat+33./aa—23 2 '
BD~+BO: quz formula coincidit cum illa, quz tradita eft
fecundo loco a Comite de Fagnanis. Nam quum re®a -

C§ =2V 24tcs

, fi a centro C ad pun&tum O intelligae

3V 2
tur du@a reGa CO, hzc invenietur = 22 prout-ab illo Aue
> Z

&ore determinatur.
Re&ificatio hze lemnifcatz hoc habet incommodi, qued, fi
punétum L valde accedat ad panélum Cj;vel imaxime auvgetux

Vaat33z /aa—33,
3

tum arcus BO, tum quantitas algebraica

2
imo coincidente punfto L cum C utrague evadit infinita. Re=
medium hilce incommodis afferemus, (i advertamus, quz de-
monftrata funt tum in litteris ad Marifcortum 5 tum in prima
difquifitione : nimirum determinandi funt arcus VO, VN
quorum differentia fit rectificabilis , & pro arcu BO fubflitu-
endus eft in formula arcus B N.Hanc ob rem abfcinde primum

I . .
C T:a]/ 1+ ——, & determina -arcum conftantem BV ;

2
tum feca CP=——2%__ & determina arcum BN. His po-
Vaa—33 .

foyesAs ‘/aat—'_:j_%_—a._‘?*;—l— 1=VO—VN, five

fitis erit
- FVaa—%3%
' Q =BO
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=BO-{-BN—2BV. Itaque opportune fubfituto in fuperios
re zquatione valore arcus BO prodibit -

BL— S__ﬁ.._:‘...”,ﬁ,’zz I Vaatszz. Vae—32
: \/ﬂﬂ+z% ‘/nz;:—z_; ‘% :
e Mz —a. \/2~+- 1+BD BN~+2BV, five
‘/mz—nzz
—aadz z“/aﬂ-—{—g% —

BL=S — /a1
- Vartx e \/M'—a& \/ﬂa-%& :
~+BD—BN-+2B
Fiat nunc z —o, & obtmeblmus quadrantem lemnifcatz

BPLC=—2za.y2 {11 BDA--2BV,
Dematur ex hac zquatione zquatio fuperior, & orletur

CLo§ ——f0f%  _To/arbiz ap, gy
Vaat3z. \/aaﬁ-Zz, ‘/aa——(g'
qu:z coincidit cum prima rectificatione Comitis de Fagnanis.
Nam pofita CP = —:_—‘if___, erit CN =2 ‘/“ H__}_E, pro=
Vaa—z% Vaa—%%

ut. determinatur ab Auctore.

; bln hac fi fubflituas valorem arcus BN datum per BO, ob-
inebis

cL= g aadz —-z\/ﬂa%—zz,'azz\/zm—i-%;

- At

__Vaa- Vaa+3Z. \/aa—%%  Vaa—zZ  Fyaa—z%
——zz.\/z-—-}—z>+~AD BO-+2BV, five

CL—=S _ diadz \/aa*{-z.:.\/ar:--'v—z‘—”;
o Vaartzz. Vaa—zz. S
—. \/2 +1+AD—BO~+2BV.

St fiat 7 — 4, orietur quadrans Lemnifcate

CLB=-4. \/.:. - 1+ADB+2.BV, prorfus ut antea.
For-
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Formule quatuor, quas pro refificanda lemnifcata inveni.
mus , in alias tran{mutari facile poflunt, i advertas, aflignari
pofie arcum ellypticum A E ita, ut differentia arcoum B D
AE fit integrabilis .. Aflignatur' autem hoc modo . Quando
CG =g, ablcindatur CH:f--‘/-f—_fé-j—i‘9 ex qua .proveniet

243 _ Vaat33 ) '
Cl=——— | & determinetur arcus AE. Habebimus

Vaat+2z2

2 Vaea—3% — BD—AE, Quapropter formulz inventz in
\/rza—k—(%

has mutabuntur

BL—s___—e7dX _ —eaes2X 4 p po
=S 778 T —— )

Vastzz.Vaa—x = FZVaatz
BL=S —aadz = 2R

T VaetRRe Var—3A  VartzR Ve =z
a2+ 1 AE-—BN-3BV. Ad transformandas alias
duas, vocato quadrante ellyptico AD B =Q, adverte, fore.
BD=Q—AD AE=Q—BE:ergo B__Q——A E=BE—AD:
atquigig;__—ﬁ:BD——A E: ergo i‘[_ﬁ’__f:g:BE_A D.

Ve a3z Vaa—iz3%
Quare provenient formule
CL—S aadz, . _ — 24242

Vaitiz . Jaa—z% Jastis.aa—xz
—+BE-4BN - - . ‘
CL=S nadz _ aa \/an_ji__ \'/:z_:}:;

Vaatiz . Jaa—z, z a2 '
~+-BE—~BO—+-2BV. :

Tranfeo ad formulam

-—_Mildz —, qu,.ut con<

Vaat+3% . Vaa—33
ftat ex NLIII difquifitionis fecandz in duas dividitur hoc modo

Q2 ’ 2%ds
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zzdz _davactzz . addy
VaatiZ/an—22 Vaa—323 Vastiz./aa—z5
Harum ultima paullo ante 1ntegrata eft ;eft enim illa ipfa , per
quam integratur lemnifcata. Prima Integratur " per refificatios
nem ellyphs, st traditam ¢t N.1I prime difquifitionis. Con.
firugtio facillima eft . Nam in eadem ellypfi, cujus femiaxis

major C A'= 2 /2, minot C B=s, in minore ablcifla CG=z,
erit S Mﬂ:AD,&S :d_z:lffi_\ﬁ_i:BD.

‘ \/117-'"%’{ _\/”‘7"—712'\
His pofitis jam habes confiru@ionem formulz
3zd3 :

= s QUZ, quam arcus ¢llyptict ¢x contra.
Va3 2. Jaa-zx ,
rietate fignorum elidantur , dependet unice ab hyperbolz redi
ficatione. Itaque fi fommatoriam accipias ita, ut falta g =0,
evanefcat ,obtinebis. '

S AAIX o THeIZ L BN g
Veatziwea—sz  Vaa—xx

S——_—fRIR _ _Veetii.Jaa—zq =
Vaastzz. Vaa—zz 2

—BO-+-2BV.1In hac fi ponas z = 4, invenies

S _i:(‘dz = —z./a+1+42BV,
\/an—l—(z.‘/aﬂ—zz. .
Similt modo fi velis omnia nihilo zqualia fieri, politia
X = 4, nancifceris :

S RXAX _ _Vestza./oa—34 -+BO, fa
Vaatz3. Jaa—z3 &S
iz d aetzE_, =
S _*_72 2 ;-_—_M——a.\/z——l-l.«—BNF(“

Vaatzz. \/a 32 V& a—
2BV, in qua fi facias 3z =, orit%r{

d =
S -:_——__,Z—gé_:: =—a.y/ 212 BV prorfus ut antez,
Vaat-33, \/44—71(_ Nune
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_Nunc _oﬁendepdum affumo , quomodo per arcus conicarum
fe&tionum integrationem accipiat formula generalis

r
343

2
4 Veatzzwea—3
vel negativo. Revocans. methodum, quam adhibui N. VI difs
quifitionis fecundz, accipio differentiam formulz
2ty a0tz jaa—2%z

r4 2
a

» exiftente # numero- pari pofitivo ,

in hunc modum:

L | ——— 7 - -
pX_ Vaetz.Vaa—33 _v~+1.2dz/eatz3./a6-5%

r+2 r42
& . a4
L2 ax ez & dryaatax

: atque tribus

742 T L -
a ' Vaei3x  a ' \asa—32. .
formulis adeamdem denominationem redadis imvenio
S PRV I vt 1
s 1 Vaeatzgo/aa—zz _y1 .442 de—r—3z2 “a’z

-L
1‘12,

b o e
e o _/t' VaatzZ.J/aa—zz
Vocatisy/a a3 % =M, \/a 2—2z z =N, zquationem ita difpono

r 4 ——
,?:,Eé_fé:wp z IM;‘T + r—{—lzriz Nt
a4 . X 3
o ' "MN Ft3.a : r+3.46 MN

gradatim , & fucceflive ponamus » xqualem numeris paribus po--
urivis, & hafce @quationes. nancifcemur :

4 . -
. 2dz _ . zMN andz
T aaMN D 344 + 3sMN
6 3 2
=2, zdz :__D(MN 432 dz
< MN sa sMN

14,
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e \
4
v=a, __z_?_;{g;:__ M6N - 5247
a)MN 78 - 7(zﬂMN
10 7 ; )
y=—=6, —%—d—% — DA MI;I ot 7£~d—-—-, atque ita . dea
aMN ga Q& ‘MN
inceps progrefiu fatis manifefto. g
4, : AL -
Quoniam —5-%% datur per ”&‘i\? , & z 643— datur
aa iyl N, ) : P MN
por 242 oot zdx
= S5 Y I T3
aaMN s TPMN

exiftente # pofirivo , & pariter pari, integrari integrata formula

aadsz

MD:I. » qua requirit tum re@ificationem ellypfis, tum redti-
6

ficationera hyperbolz. Contra —. 7z datur per —= Rzdz, &

2
AMN MN
Z‘ df‘-— per ——Zi— liquet formulam - f s CXi
AMN AMN ¢« MN

ﬁente ¢ numero pofitivo, & impariter pari, dependere ab inte-

gratione formulz

Zlé'd,\]z »qua polcit folam rettificationem hy-
perbolz . I :
Verum faftis opportune fubftitutionibus inveniemus formi-

las datas unice per 1\[;11‘22 . 211\2/1611\10 , nempe

4 ‘

%42 _ _ p _zMN = _aadz
rmé\/lN 3aa 3MN
fdz_.;_—_—[)iiMN _I_gzd_z_
o M N 54" sMN

8
zdz
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zd%_ __p 5 sz MN saadz
& s T3 . T3 MN
ﬂ MN Z_{Ew 37 . ° .
-%Iodz i oy 723 MN -2.7zzdz
Fun Dt 5NN
a MN 9a 5:9. 4 39 .
12 . (] 5 2

z dsz —_pXx 9% , 3.9% MN S.gadz
10 - ' 9+ § 137018 & +3.7'11MN
a MN s 7ard 37 ) L2

1q 11 7 3 2

2 dx , 11 7.11.2° MN 37012 dz
“:——_.____——Dj_:_l____.__g:_}_ ° % +”‘.l" M ;\-]’
'« MWN 134 9134 5.9.03.07 JATEITEE

quarum formularum progreflus perfpicuus eft.
Ex his integrationem formulz generalis eliciemus. Nam fi
# fit numerns pariter par, hzc exorietur formula

¢ r—3 — ] ——— — eI
3 dz::__D z L 233 i to3-0-7.5 .
-2 —m} e P e e
a MN =11

i—1. E—L.b—5.4 I—1:.7-5.F~0.2

A ;.t~—7.....3.z_.1\/IN+t—:—§.t—7...3aadz
p; e .

2 TR el SR 3O . F—I.2—5..0..3MN
Si vero # fuerit numerus impariter par, hzc formula exorietar

td Co-3 — T —_— e =II
zde z -3 —3.5-7.2
Z _ p P S o T

£-3 — o ] —me e —— 3T

t-2 — £
a MN P—Xd  #-1.8-5.8 FI—1.8-5.f—0Q.a

. ..t—:31~—7... ve7.23 MN—P— =3t —Tueeen3.22d 2

P T T~ B F—1.f—5seee.3 MN -
Ut eamdem formulam integremus, quum 2 eft numerus qui-
dem par, fed negativus, ®quationem fupra inventam hac alia

ratione diftribuo
td

zds
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rtay,

—— . Nunc grada-
I 1‘-2. —— rl2 ,

MN - 1. v+1.2  MN
t1m & fucceflive ponamus 7 zqualem numeris paribus s & ne-
gativis, atque has ®quationes invenierus ,

Xdi _pz ".MN PRI

—

. adz . DMN __zzdz
TR NN T % MN
; .
& MN
y——s, _"_’i‘:’_:~—D“ s
zMN 3% 3T
dpr N 4
——, ,,dz —_peMN | 3ddz
L MN 58 5z MN
N 1; °d = —— DA~ M;\]+ 54dz ,uqueiiadcim

cep§ progre{{u fatis manifeflo.

4
Quoniam a formula “M%; dependet —%‘3« > & QUi

A 2l
8 s u
depcndet » atque ab hac — » conftat formulam
MN z MN
t T2 d :
a3 s ft # it numerus impariter par, dependete 2 fola hy=
3 ‘M N

perfolm reftificatione . Simili ratione probabis , eamdem formulam
[ 2

4 dz . . .

—;—— » cxiftente # nnmero pariter pari , tamdem dependere
z MN

d
aformula 7%%-&5—, atque adeo poflulare tum hyperbolz , tum
ellypleos reQificationem.
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- Si opportune fiant fubflitutiones, habebuntug

a'dz ____D_I\_/IE_ v _zrdg
ZZMN z. ST MN
6 —
adz ___szmMN - aadz
4 - TS "3MN
2 MN 3&5 3
8 5 2
adx D_#__ 34 MN __3zdz
6 : TMN
x MN s SR ¢ sMN
o
adx o d L34 MN sadz
<MN 77 g * 7.3-MN
12 ‘ 9
iﬁ,_z__;—_,-—.D a 7(;; 732 MN _H7.z.zzd;
1 . 9 . .57 ' 25
zOMN 9z 9.5.?:i 9,;_’1‘ “ 9+5-MN
I 1 ‘
e e gd 4 958 MN| g.5adx
1”2 T 11 . ‘ 4 " 157.3.VIN?
%z MN 114 130 11735 :
ex quo progreflu alixz formule facillime inveniri poffunt,
) £t
Imo ex his generalis formulz - L& deducimus in-
zZ MN '

tegrationem , dummode # ft numerus par. Ecenim fi 7 fit im-
pariter par, hizc orictur formula

f“!l t— - N t— — —9
4 —3. 3.
i’_t.u_‘_i_ll:.~1) A . 11 r;'*t CLA AL,
— Fem e e — —— e e f
ZMN £--1,3 28 Wk I GURNE 25 S 251 S S04 ?

— ———

1373 a‘MN_t-—g.E'y.... 3gz 43 Sj ve-

Bl Seeeesy 7 # t—I.2—5....5 M N
ro # fuerit numerus pariter par, formnla hzc exurget

R ' 4z
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, —
t2 f—1 —_— te —_——

a dz—"——D a t—3.a ! . t»—g.r'——-7._,, ?

foL | e e [y e cea?

{MN fe-1. e R R g, 25 ;._9 .z =9

3
e R a7 SN 5-4 ‘,MNJ;—t 3. 7 7«-.. ;44(1(

P o THNER VIR
Hzc fatis fuperque docent , quo patlo. mtegretur formula

zdz

, fi 7 fit numerus par vel pofitivas , vel negativys:

F—2

2 MN

% ="ro. Hac vero formu a mtegrala per arcus (L‘}:onum co-
nicarum , facili negotio integrabis formulas aliquot | que per
alias methodos zgre admodum evolventur . Uno, aut alters
exemplo rem tibi aperiam .

s
Sit propofita ad integrandum formula 2 7Z _3£

o a M’\]
inqua, ut fupra, M= y/a ﬂ—l—-i; , W= = Vaa—2z7%. Hanc dis

vide in duas hoc modo 53 dz 72dz

’ 5 : qua ex fupra di-
2aMN SMN
Elis hujufmodi obtinent integraticnem
4 —5zMN 5 caadz
5 S RIS 5 aaadz
rmM N 3 a_rz__+ 3 MN
S - Ird
7S == LS d( =3 ﬁw-—}—i S a;l(g'—: igitur fa-
LMN S 3¢ @ 3

r

4 4 4 5
H H - . = N .
&a detra&ione habebimus Sif—w e MN , in
| S MN AN

qus
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qua quantitates tranfcendentes evanuerunt , & folum reliGs funt
quantitates algebraice. S
Alterum exemplum prebeat formula

7518-— 144343 ‘
7%1°MN

a4d:{ __ﬂzasdz +3dndz

szN szN 7zmMN

4 :
27 dz. Hzc refolvatur in tres, nempe

»quibus hzc convenit integratio

S Az _ __MN —g Rezdz

zzMN z M N

. /zgd:: ~~—-za§ 6a MN 6 zedz
28 —— = e g = — §C :

zéMN sz$ 53 @ S MN
I
3g.“ dz__——a() — 2 —a M%N_ 1 Szzdz
7 Z°MN as’ 5z %4 s MN °
Falta demum opportuna additione, & deduv&@ione proveniet
8 PR 9 5
g 7% — 14a4%;+3a.a4a’zﬂ_—69 __@ MN
10 T ety > eva-
7z MN 21 Z 3z

nefcunt enim quantitates tranfcendentes, & formula evadit al-
gebraice integrabilis., 4 p M

anadz 2zaz__Mdz

MN TS NN TR 2
lem effe arcui ellyptico dumtaxat, nempe archi A D- fumpta
in axe minore abfciffa CG =2 , integrabis aliquot formulas
fuppofita fola ellypleos rettificatione. Duobus exemplis rem dew

10 10
7a -065% .z4d%
anM N

Similiter {i advertas S

clarabo . Affume integrandam formulamZ »

R a2 Guam |
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o, 74115; ' 632”:1’% :
nam in duas divide hot modo 77% ot = . Inte.
q eaMN tsleN

gratio primz hzc erit

S z4dz —7z MN 77Srzdz.

—_ LR altetins inte-
P 3 M.N b !nte

A MN 34
gratio fupputationibus eﬂ"e@ns erit hu;ufmod1
1
6582 z 'z -—54 552 —77‘1 MN | 775242,
MN °
PMN & gd gd 43
ergo Frmuhs fimul zdditis, & fabftituto arca A D pro
aad?% o Z%dzx
g =85 TS
S Wi N ES N fiet

II 7 3
3_:7:“z 5% - a’%:-—-sz —ssA 773 -77% MN
1 1r 3

{luMN . p 947 ga 3a .l
~+' 77 AD,

Secundum exemplum fufficiet formula

S5 240053454 ddz
3
z MN o
3
5n4dz 24adz | s58dz
RAMN %
ZMN fMN

4 . z2%dz
iz —sMN
sS%:MT\JZ S —5STMN

» que dividenda eft in tres, nempe

. Harum fummas habeto

6 2
24S adz — —8u MN—{—SSﬂodZ

34MN 23 MN
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VINCENTIUS RI'CCATVUS
JOANNI VFRANCISCO MALEATTO
Philofophiz Experimentalis Profeffori
s. P. D.

Uum in litteris ad Faatonum dat.is per_feStionnta conica-
rum arcus integraverim formulam

.
sdz

. pofito ¢ numero pari vel pofitivo,

a“_—’]/n ~t-z }/ﬂ -——7L

vel negativo , numquam cogitaffem de integratione formuls

prorfus fimilis : e

7 L —2 2 2 o 3
a a+z. -—a +

Clariffime, mihi figrificafles , pergratum tibi fore, fi hanc quo-
que formulam non plane negl gerem , & inflituto calculo ad
confruétionem percucerem . Quando nihil tibi pereati negare
poffum, rem aggredior non invitus : nam quamquam eamdem
methedum adhibere, necefle eft; tamen novum hoc exemplum
theoriam hanc non mediocriter illuftrabit . Hoc primum adver-
te , formulam, de qua agere 1nc1plo s realem eﬁe non pofle ,
niff % conhﬁat intra limites z =="F 2, 5 = F oo .

i fequaris methodum , quz indicatur ia dlfqurftlone fe-
cunda N. I, invenics

—— o, nifi tu, Vi

aads rz’z\//zlz——z'{ dz\/—'nr-*”{
Va 114—;_.;. V—aa+ z\ '2.\/ —aat-z 3z 2 ;z—.’l_;——
Ex methodo N. LI ejufdem’ difquifitionis mvem:e/s
zdz . d’{/dﬂ hzz  d dzy—inatzz

Vaetzze/—sat-z2 ‘/—a at-z3 2 \/—a—a—jf—?é
devaatzz — v =

Formulz duz _‘_’_Z:_ d z\/_ﬂ S S prima difqui-
w—ast-zz° 2 Vaatzz fitio-
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fitione inte‘graﬁtur, prima N.XVII per arcus ellypticos , & hy=
perbolicos, fecunda N. VI per folos arcus ellypticos. )

Primz ex dnabus formulis. confirn&io hzc nafcitur . De-
fcriptaellypfi A D B, { Fig.8..) cujus femiaxis major CA =2/ 2,
af—aatzz
_ . Jaatez
& dufta ordinata G D, determina arcus AD, BD. Tum de-
feripta hyperbola zquilatera BO , cujus femiaxis CB=«, ac-

minor CB=14: abfcinde in axe minore CG =—

cipe CS = _ﬂi::: , & determina arcum BO. Fiet
_Vaetzz
S d_ﬁ’_‘/j atzz oy —aatz z _4'_“ 242z
1/ —aai-25 waatiz Vaatzz-v/—aat+x3

—B D—-%,—L) —BO.

Alterius formulz hze conftru&tio obtinetur. In eadem el-

lypfi accipe, ut fupra, C G:—‘Z:;;:—E, & habebimus
_ - Vaeaizz
gdiv—aatez_zyoertsz  AD
s Jiatan ajartsx ®
Si‘/du;:ﬁ(formularum differentiam: fumis, obtines
aadz . 1220z

~

—BD

Vaatas  Jaats z Ve a—i-zz Va4 Y
— BO. Si earumdem formularom capias fummam, invenies

zzdz _zy—aatzz

. retZ - BD—AD—BO.In hac formu-

Vaatzz.\/—aat-2z3 . )

la, quum BD—+ AD det integrum quadrantem ellypticum ,
qui conftans eft, tuto omitti poteft , quia in accipienda fum-
matoria ea quantitas addenda eft, quam circumftantiz requi-
runt . taque habebimus ad unam reda&is duabus formulis al-

gc-
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' ds _FVaatzz
gebraicis S iLLe =——=—==—=—BO.
Vaats o/ —aedzz  Jaatiz
In ambabus formulis,fa&ta z =4 ,tam quantitas algebrai-
ca, quam arcos BO fit infinitus: qua de re accipienda eflet
differentia inter quantitates infinitas, qua finita efle poteft. Ut
dificultas hme arceatur, per ¢ayque diéta funt cum in epifio.
la ad Marifcottum, tum in prima difquifitione ; determinandi
funt arces VO, VN, quorum differentia re@ificabilis fit , 8
pro arcu BO fubflituendus eft ejus valor datus_per BN.Hane

/ 1
ob rem fume CT =4 V1 "f"—/—‘:; tum abfcinde

\% 2
B IR . /::?:;
CP= VT2 abebis VO — VN = 2V 2X
2 o \/““ﬂ a- l"z(f/l
—_— = aa - —_—
—a. 2+ 1, ErgoBO = ‘_ﬂ—_i-‘:f::.z SRRVE T S B

Ve et3R
2 BV —BN. Qui valor fubflitutus in duabus formulis fupe-
vioribus exhibet
aadz 20442

Viatza.J—astsz  yaitiz.y—satag
ﬂi—i—;z:i-}-a. V2-+ 1—BD—2BV—-BN, five
Vaa—z 2

azdz _ —zV—aat-zs ‘7‘:"‘;’
—_— = e —ad.\2-1 1
Vaatzz  \—aatzz Vaai-z 3z ¢
—2BV—BD+ BN, &

zzdz

—=4./2+1—2BV4-BN.
\/1112‘-!—22 M \/—-nn—i——zg

. In his mquationibus per ea, que fupra di®a funt, quan-

titates conftantes omitti poflunt. Si autem deleantur in ulti

ma,- inveniemus arcum BN =85 —__ z2dz

Voat+zz . \J—aatz3

Quo-
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Quoniam abfciffz C_P:ﬁfj:és » fafto calculo orietur cor-

. 2
da CN = z. Quare expreflio tradita illa ipfa eft, quam do-
enit Clariflimus Fagnanus.

Nunc vero ita determinemus fummatorias, ut pofitaz =4, |
prorfus evanefcant. In hac hypothefi formulz erunt

aadz —zy—aat-zz
—_— = ———————AD-J-BN
Vestzzn/—astz2 Vaatzz +
S zzdz =BN. Si fiat 5= oo , fecunda

‘/_:z a2z N/ —aatz3

inclodit differentiam duarum quantitatum infinitarum , quz fi-
nita efle potelt. . :
Quapropter pro B N fubftitnamus ejus valorem datum pex

BO, & fiet
S 2adz . HAAZ

Vaotzz.y/—astzz Vaat-zz. y—aa+zz
4y2--1 -+ 2BV—AD—BO

zzdz 2y —aatz —_—
:P_\/-#___________iz —a.y/2- 1

Vaatzz. J—actzz Vaatsez
~+2BV —BO. In harum prima, faéta 3 = o0, quantitasal
gebraica ; & BO fit = o, arcus A D evadit quadrans ellypfis
ADB: ergo habetur _ .
S ——::::?—a—‘!?—— —=—4.y/ 2 + 1+2BV—ADB,

\/a atzz2. \/-‘-:z atzz
Secunda autem valorem habet infinitum. Poflem formulas,quz
dependent a reflificatione ellypfis in alias convertere, determi=
natis illis arcubus, quornm differentia integrationem recipit al-
gebraicam. Sed quoniam nihil fiunt elegantiores formulz , ut
brevitati confulam, halce trasformationes omitto.

Integratis, conftru&tifque duabus formulis revocans metho-

dum ufurpatam N. VI difquifitionis fecundz fumo differentiam
formulz '

S z T
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‘/ﬂ atAZ. ‘/——d 2 F“; hoc modo

rha

‘/zz a+2 20 ﬂ—lﬂ’lf{ V”T‘ loldﬁ/ﬂﬂfﬁ% \/--a aiqz

r 42 r 2
I3

DZ

ri2 :_—I—r—’—- r+2 PR

2 d{‘/ 4453 2 dzyeitiax atque tribus
P aataz At \/-—aa-i*%K

hxfce formuhs ad eamdem denominationem redadtis habeo

\//zﬂ—l zz Voaatzz

D b
a
'—(7 For. &5 oy ;ni4d"

\/n zz. J —aaizz

Vocatis \/aai43=M, y—aatszz =N, xquationen
ita diftribuo
t : -
LM(!—Z-a —D __z__bﬁl__li_ —ie r41.2 d z . Nunc pre

r t2 e - R
MN 3. 4 r-1-3. S TPMN
¢ colloco fucceflive numeros pares, atqus has 2quationes nancifcor

zdz DZ‘V[N aadz

r=o, Eiidudady
asMN . 3MN
3z
3
V:z’_zdz — DX MN .32 “dz
a 5%\ﬂN 544 sMN
y 4
z d z MN =
r=4, 6:<:D‘1 = -1—522‘}"
4 MN 7a 7¢ MN
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= zbfodz ::D;MN o+ ?7';2'6:12 |

a MN. 9 P 94" MN
ceps progreffu fatis manifefio.

» atque ita dein. -

4 . 8 ,
Quum id—- dctur per dl\’;'f\f » zsdz detur
A MN -2 MN
t
per ——%—M% » atque ita deinceps ; conftat sz—&- 5 €Xie
s MN

ftente # numero pariter pari, integrari integrata formuh_..
aadz

N v poftulat cum ellypfis, tura hyperbolz re&ificatio-
6

i

0
gem . Contra —2%% datur per %\‘Z{i\? > 5 T2 datur per
AM N e M N

.(’d
_Z 42 | atque ita deinceps: quare fi 2 fit numerus impariter
4
2 MN '

2'dz

P dependet ab integratione formulz

A TIMN MN

qua folius hyperbolx re@ificatione contentz eft.
Perattis opportunc {ubfitutionibus formulas mqultamus da-

zgdz

par ,

nice per =2 dz zzdz Inveniemas antem
tas uplee PETUINT Y TMIN
7dz _p zMN ' _2ad3
ZMN Jaa 3IMN
6 3
xdz _pi MN o ﬁ%
rﬁM N 5 & 3

R dx
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vl pes T +3_7Mﬁ

e MN " ga ; , 37.-MN
Io 7 3 \r

e MN 947 5. 9 P . ‘ 5 9

anN na 7”[; 37ua' 3711MN

Y nz 7IIz MN 27,[12(12
‘ AR = —~~—+ 47
- L 5iga3 MND
Q@ MN 134 913::/ 5}13a 2
quarum zquationum progreilus cuilibet obvius eft .
zd _zdz

Ex his formulz generalis ——

s /s T'MN

cimus, dummodo # fit numerus pofitivus, & par. Nam iefu
numerus impariter par habebimus

integrationem dedus

d £—3 — 7 e e 21X

z £—3. t—3.2-7.
=D A
a MN £~1.a :—x.z—s,a t—1.t-5.t~9.4 "

— T 2
CIYPRN e L AT & z‘ MN o+ ’“i_:’_7"'35<. (Iz

- T T —_—

1 t—5E—g.. PO P—1.t— 5.....5MN
Si vero fuerit numerus parlter par , hzc enafcetur formala’generalis

B £-3 —_— 7 e — -l
zdz —p-= t—-3.2 t—3.0—7.2

—2 I— t-—3+—. —_— r—7+—-— e 8D
MN I=la = F-1.7-5.4  i=L1.i—5.0-9.4

a

—

cee b3 T eerea5.2  MN | F—5ef—Tunsesse adz

T - +_*_,,,_.___.

P—1e =58 —Geeei3ea & e~1.r-5.r—9---311‘/1N
















Z”rodz 2 Izd RN

. z T . R TR

7 . +5] : ~ . Prime integratio ex ditis hzc eft
FMN -z MN e |

d <. MN . e
s22 9372 752 MK 4755 —am%;alter_ms vero
SMN J 35 4 3 S

9 5 2,

5. 7504 MN 7. .
s dz sa  7sa 758 MN_ 755 simil\.]%. Tgio
z MN 2 , § 3 # 3
tur fa&la additione habebimus
2 10

2 2 12 2 9 7 5
dz- a5
g74 X dx—+35 4 45 _ 5 4 + 72 +7____5_‘°._ e

10
2 "M N 9 A ___ 9%

. MN MN°’
3 33, @ 3 |

2 2 G

7.5 ad% o %4d% . 7.3zN  7.5.AD
:;'SMN SMNfubﬁxtue 3M+ Syt
& habebis integrationem quzfitam per folam re&ificationem.
ellypfis. : ' ‘
Videntur hzc fatis eflfe, nt de integratione propofitz fors
mulz judicare poffis. Fac valeas, & geometriam, ut foles ,c0a
las, atque amplifices.

Bononiz tertio idus Quint. 1758,

Ferrariam ad Joannem Francifcum Malfattum.

3 2 2.
7.5-a +7-s-a.ﬂ}\1*1§_sf_d_§_sz‘dz Pro

T - VIN-
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VINCENTIUS RICCATUS
yIRO NOBILI
JORDANO COMITI RICCATO
Fyatri Cariffimo

S. P. D. NG

Lurimas formulas, quz re@ificatis conicis fe&ionibus con-
fruuntur, in difquifitione fecunda perduxi ad eam, quam

appellavi canonicam, quamque in prima difquifitione per afs
cus ellypticos, & hyperbolicos integravi. Verum fi fequaris me-
thodum , & fubftitutiones ; quaz ibi indicantur , coaltru&tiones
‘plerumque orientur longz , atque inelegantes . ibi enim inquie
rebam unice formulas, qua per arcus fe@ionum conicarum con«
firui poflent, alias ex aliis deducens, nihil de peculiari con-
firuQione follicitus . Quapropter induftria ab analyftis' erit ex=
ercenda , ut formulas, quas re&ificatis feftionibus conicis de-
monftravimus confirui poffe, conftruantur reapfe non inclegan-
ter o ltaque opportunum judico., aliquot exzmpla ad te mit-
tere,, que oftendant , quomodo calculi longi fxpe vitentur, &
ad confiru&ionem brevi, ac fimplici methodo deveniatur.
. Propofuifti mihi jampridem fi tenes memoria, formulam
*. —+ = -
(L—-—L/—ﬁi—-g— » cui addidi diviforem 2 , ut elegantiz fervi-
a7 B e ; o
rem. Statim ac in formulam intendi oculos, cognovi, contine-
ri in illis, quas in {ecunda difquifitione docui integrari perar-
cus feGtionum conicarum.Quare difquifitionem evolvens inveni,
eam pertinere ad N. XIX. Verum methodum fequutus, quam
ibi ufurpavi, adeo longum moleftumque calculum offendi , ut
piguerit, te per tam implicitas ambages deducere. Quare dedi
operam, ut methodo faciliori formulam perducerem ad re&ifi-
cationem ellyplis; integratur enim fola ellypfi re&ificata. Illud
. o autem
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autem in hoc findio expertus fum , quod fzpe accidit , ut quod
per_methodos. generales laborem pofcit improbum, alia ratione
obtineatur per quam facillime. =~ IR

Primum multiplico formulam per conftantem &/ 4, -utdi.
b\/b-dx.-_ ‘/a—}—x
— 3
b /X . b xy
Tum utor non neceflaria , tamen commoda fubRitutione

‘menfionem obtineat linearem. Fit antem

x =2 evadat,b‘/;z"dz‘/m—zi .
’ . ab—l—zz‘%‘ R
Formulz ita przparate quadrarum divide in duchoemods
2 b= abzd 2 : |
ey By wep

Utrlufque quadrati radices acEi_p_iQ S
abojab.dz  —bjab.xdy |
— ’ — L3
—_ 3 —_— 3
ab+2% 2 ab43375"
Alteri radici prafigo fignum —, quia fimplicitatem caleuli ju-
vat. Utraque autem integmbihsﬂ algebraice ; & integrata exhibet
Vab.z . _bJab
‘/;Z-’—{—g 2 ? \//1 +3 3

N /1
Ttaque fi conftruas curvam, cujus abfciffe = &ore
Jab.z : Vabtzz

2, elementum arcus curvilinei
_ Vabtzzx
byab.dx yaatz3

dinate =

ab+-3%7 . . -

Potro videamus, quzznam fit hujufmodi cutva . Pono

——b:‘g—_é_—_— =x, & —Z_E_ﬁzi—; =y . Divido fecundam zqua-
Vab—+3z% \/ab—}i_zzz

tios
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by

i : : TS QU S —
tionem per primam, & mafeitur —== =7 Ergoam7 .

Quo valore fubflituto in zquatione prima habeo

-—é:x_._"/ﬂ——iﬁ_, =, five a b o=ax by, five a. B —by:
i/ﬂ w by :
ergo b — x 1y’ ibbiab. Que gﬂuztio\gﬂ ad ellypfim , cu-

jus femiaxis unus =4, alter = vab. .
Defcribamus itaque ellypfim hanc AEB, (Fig.g.) cujus

femiaxis C©A =4, alter CB:= v/ 6. Deinde fumamus

Cl=x= J’:}/g:f__::, du@aque ordinata 1E, habebimus
Vabtszo :
‘al.d e .
argum AE=S bya % ‘/ﬂ; * 72X Sed quenam clt in cor-
b3z
2

:L:Ergdx:y::b:z,ﬁve
X
CI:IE:: CA:3. Quare excitata tangeunte A D, agatur CE,
quz produfta fecet tangentem in F, erit AF—z. Ergo fe
) . bhab.dzaatz
&a A F =z, habebimusarcum A E =S bsb-dzyar iR

va linca=z. Invenimus fupra -

9

—3
aa4-3 0
qua conftruétione nihil eft elegantius. v

Simili methodo ad intcgrationem perducam formulas.

b\/:z—g cdzo/aa7 b\/;7’ .dz. \/(T;:i—_:"',g_

3 ? 3
—abtz33 o ab—37 1
dx atx —, dxyaix , atque clarifli-
- _ 3

2/ X —bNT 2/ X b—% 2 .

me _derx]onﬂrabo, earnm fummatoriam per arcum hyperbollcum

exhiberi » Quum autem methodus fit prorfus eadem, ne ﬁﬂfmle“

ia

, a quibus de-

pendent duz
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flia te afficiam, calculum omitto, & folam confirutionem ex«
pono. - o . o :
Prima ita conftruitur. Statuo ad angulos ( Fig: 10,) reCtos
CA=b,CB=yab, pofitoque primo femiaxe CB, fecundo
CA defcribatur hyperbola BEN. Tum ducta AFD primoa-
xi parallela,agatur qualibet CEF. Polita AF =3, erit arcus

BE= g —/eb. 4% ‘/”’;‘*""—i. Abfcinde AM=CB. Sig

—ab+%% 2
fit minor A M, fummatoria imaginaria eft ; fi 3= AM, {um-
matoria infinita eft; tum crelcente % fummatoria decrefcit . '
Altera formula hanc confirn@ionem recipit .Secta CA =10,

& ei normali ©B=— /b delcribo ( Fig- 1.y hiyperbolam-A-EN,

cujus vertex fit A. Ex hoc pundio excito tangentem A D .Du-
co quamlibet CFE. Exiftente A F=—=zx, erit arcus

— —e?
AE=S bfab.dg.aa+3% quam fummatoriam fieri infie
—_3 ;
ab+372 .
pitam apparet, fiz =CM=yab.

Non fum nefcius, methodum hanc nullum locum habere,
fi alteruter ex' terminis @2, X3 ,qui eidem radiei {ubjciuntur,
figno — afficeretur. Verum in his guaque cafibus methodum
tibi aperiam multo faciliorem illa, quam ufurp viin fecunda dife
quifitione . Methodum haac exponam 1 formula

bab.dzyas—%Z

—_—3

ab-r3% . .
. .. Vaa—z3%
Accipio differentiam quantitatis ——=—==== 5 atque 2qua-
R/ aoHXR,

tionem hani_nancifcor .
‘/azz:z_(__——d(\/ﬂa——-zz_ dz
L abrzz TS Vab+zz  Vas—3iZe Vab+3%
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Altera formula d %\/a;j;—:ii— ex N. I.I dlfqmﬁtxqms prima
: . ar—23 A e 5
per Tolam ellypfim confiruitui : imo cadem ellypfis A DB adhi-
R e

benda eft, in qua pariter fumenda CG ::—-‘7? & },abé‘m’t

pm—

_\_/_ﬂﬂ—‘ZZ___ o \
Vab dz\ab+zz Vab AD. e
B e I B ter .
5 atb° Vaa—z3 a—+ Quaproper w
- dz Vaa—zz_\/b 2/a—XZ Vb a a;ﬁ.'\/abﬁz

Sg’\/“’ —— —— = =

ab—i—zz%‘ ya Jabtzz Va =
Vb Vab Voo S
w——;;;-BD+ﬂ+b.AD+\/;. BN: five omiffo ellyptico

q{ladrante, & redatis duobus terminis algebraicis ad eamdem de-
pnominationem " B o ,
— d Tz —Vb abyaa—zxz Vb
S4yap . L2V :—-‘f:v.—-—“—//y-_‘ri— Vo B,
prSerEe ‘/a. z a+%:"l \/zs
quz per folam hyperbolz reQificationem, ut patet, integratur , Simi-

lismethodus in aliis quoque formulis refolvendis afferet utilitatem.
" Eodem modo traftare licet formulam latius patentem,nempe

ﬁ' JEES——
‘a6—232 - ok
S_ig,‘_/_“__ﬂ._‘-— ,in qua numerus# fit par vel pofitivus, vel nega-

. ab——\-—zz—;' . z" aa%zz -
tivus. Namque accipio differentiam formule ——————,ut fit
. ’ . Vab+2%.
Dz\/aa—zz'__ rzr—ldz )/_:zﬂ—-zz_ zrhdf{_
f\/ab—{——zz - Vab+z3 Jﬂa---{%;\/g__ 2%
I3 S, . e
z

1 —
dz aa— « T
L AL X 32{. Quare tranfpofitis terminis , & duobus ad

ab+z3 2 « eame




camdem denominationem redais, fumptaque fummatoria

e T
sEls rrax p Ve
—3 b |

ab4-z32 o va +7l.%
2.p=0 e oy FE
gfaz dx—(r+1.3 dz

Vaa—zz.\Jab+3 3 ‘
=1 AR : oy
_z dz z dz
. v » A
' Vea—23./abt-z2  aa—zz./a btz 3
explicatam N, VII, & VIII fecundz difquifitionis ad canonis

« Has autem formulas

per ‘methodum

casperduces, i numeri v~— 1, r-+1 fint pares vel affirmativi,
vel vegativi. Quz methodus locum habebit, tametf aliis fignis
afficiantur termini, qui fubfuat poteflatibus fralis. Sed de his
formulis fatis. ’ ) ;

Tranfeo ad aliam, qua mibi non ita pridem propofita eft
wﬁ Hzc in fecunda 'difquifitione contine-

d
flempe
3

2 :
tur N.XLI; fed facilivs ad re@ificationem conicarum fe@ionum
hac methodo perducetur. Conftru@lam intelligo ( Fig. 13.) cur-

vam E Q, cujusablcifz K H = ~, ordinatz HQ = 4’ s>, .
dx.aadxx’ _ KEQH

% e .
a

Manifeftum eft S . Curva E Qeft

fpecies quaedam hyperbolz gradus fupetioris, cujus progrefius ti-
bi cognitus eft. lam vero, exiftente E,K =a,vocaE M=z :
‘ x 27
Ergo habebimus a2 = 2°., a-x , five
' 2
;zg»—l—-g aat+3 zzz’t—l—(;r3 - :33 —ax : ergo
Vie/3aa—+-3ar—-t¢ = x

Va
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2 — 2 "
yy—3 4t aay;. 99— d—nav3
2 2 .
= at. Igitur tam.
20y
dem fiet
zazd_y\/z

Il

2
l/.t/;/—- 34+ 4V3- l/yy—if——-az\\/._;
| 2 / 2
adty/ s

\/—t—l v 3aa -~ 3ar —A-rg

. Hujus vero formule , ad quam

pervenimus, conftruttionem fuppofita hyperbolz , & ellypfis re.
Ctificatione per ez, qua tradita funt in duabus difquifitionibus,
facile obtinebis.

Non diffimilis methodus deteget formulas duas

) 3 —_—k
2 2 3
d». a —x d%.xx-—aa
- ’ - dependere a formula
ﬂ3 ﬂ3
dev/ ¢t - \J30a—3ai+rt

- » quz facilins conftruitur per fes

ay a
ftionum conicarum reéhfcatxonem Namque in prima uteres

{ubftitutione :z-—-t:zz . atz—xx’, Gua clevata ad tertiam po-

‘/r.‘/g 2a—3at—rr
vV a

a—=t . dx x.0—

= --;——--+ Sxde¢ habebimus

teftatem habebis o — ;aat—kﬂatt—r = ag——aou : ergo

. Quoniam vero

s

a
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de. aa—xx __x.a—ﬂ_!_sdt\/—;: \/g,_m*—gar—{,—:: )

&t a ay a
In fecunda formula fubftitutio 2— 2 == 4°. xx—a4> eo-
dem modo te deducet ad zquationem
S dx.xx—aa’ wr—g S dey/e. l/gazf—-gat—i—tt :
2 o - i °
e } 4 ‘ aa

Verum, omifflis tamdem his formulis, folutionem prebeamus
problematis fane. veteris, quod tamen nulla adhuc - conftruétios
ne oculis {ubje@um elt. Problema eft hujulmodi. Invenire tems

__pus defceni ici i it {emicircolos: ' il
( Fig. 14.Jcentrum K . Defcendar mobile ex punito quietis E per
arcum circuiarem EL C: quazritur tempus defcenfus per quem-
libet arcum E L. Agantur horizontales EG, LR , & fuman.
tur analoga elementa L1, Rr. Vocetur radius circuli —r
CG==s, CR=x: igitur GR=4—x. Omifla gravitate ace
celeratrice , qua fupponitar femper €adem, tempufculum per fpa-
—rdX :

quz,

tiolum L1 exprimitur a formula

Ve 2r— %, Ja_—=x
ut ad linearem poteftatem redigatur, multiplicetur pery/z7r; & fiet
""i'\/?af.d.%’- '

\/V;. »\/;‘Vr—«x. Va—x .
Duco cordam CL, quam voco ==z , &erit 2rx =33,
ltaque fa&ta fubflitutione formula exprimens tempusculum in hane

—avrd
mutabitur & A : . Duco cordam CE .

Varr—z3./2va—zzg .
tamque voco =4, ut fit 2ra==5bb. Ergo tempufculum exprie
—4rrdz - g
Vare—37 . bbb —zz

Hzxc formula, ut conftat ex N.X primz difquifitionis,ita
refolvitur in duas

metur a formula

—grrdz
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~arrds _ —qrrdz /arr— X

gvrdsbb—zz

ari—bb.Jarr—3% .

jus quadratum eH'cA( differentiam duorum quadrat_ox:um CA,CE:

ergo, vocata AE=—c, erit cc==g4rr—0bb: igitur
4y ti_%,.__“ — —-4rrdz‘/4rr—2:z*+

Varr—zz./bb—zz coy/bb—zz

4rrdzy b b— z27

cearr—zz

. Ducatur corda A E:manifeflum eft, hu

"~ ~“Prima ex his formulis pertinet ad reétificarionem foliusel=
Iypfis, & confiruitur hoc modo. Normalis diametro excitetur
CB==AE: atque pofitis femiaxibus A C, CB defcribatur el
lypfis AB. Tum fiat ubique CE:=4: CA=—2r:: CL=z:

.z L.
CF= f Advertendum €ft autem, pun&um F coincidere

com A, fi CL coincidat cum CE. Ordina_in ellypfi retam

Vbb—z2
evaneflcit fafta z —=CE =15 , five x==z. Igitur
5 _“4”‘!2’_‘{_4”—-2% _ 4" b,
o ccJbb-—=zz 14
Secunda ex pramiflis formulis integratur per re&ificatio-
nem hyperbola ex N. IX prima difquifitionis. Integratio au-
tem, quz ibi traditur, eft hujulmodi.Cum eodem femiaxe pri-

mo AC, & cum femiaxe fecundo CM — .Z_Vf, que eft quar.
ta proportionalis poft CE, AE, A C, deferibatur hyperbola.

AVO, & fumpta abfiffa CP = Qﬂf:_z_z duétaque or- '

Vbb—zz

¥ D. His pofitis habebimus S LN =AD, quz

dina-
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PN, erit S (\/bb—-zz 2V R £

. A N
\/41r-z( Vbb—zz 2y’

Quum autem hzc fummatoria debeat evanefcere falta =
necefle effet addere, & demere conftantes infinitas ; nam poﬁ-
ta z—bh, tam abfcifla CP, quam quantitas algebraica.

y—
Z\/47__§_1 evadit mﬁmta.
Vbb—zz

Ut hoc incommodum v1tem, utor artificio alias ufurpato:
nimirum determino eos arcus in hyperbola, quorum differentia
reftificabilis eft. Hanc ob rem abfcindenda confians ’

CT = \/4rr+zrc tum determinandus arcus conftans AV,

dinata

deinde fecanda CS:==__" | Erit ex litteris ad Manfcottum R

%
& ex prima dilquifitione
zrlf\/q./r——z{ 27

2 Vbb—zz b
valore {ubftituto in formula fuperiore, habebimus

dz\/b/y ————— 2,/,___-—\/47'.»——3/,.\/6(7——2{
‘/Z}T’——z_z,—" 4
T R E g é.AV : -5_ ACQ. Quum autem hzc fumma-

. z;'+c'+zA.V——AO == AN :quo

toria debeat nullefcere fa*’na Z = b, addatur, oportet, in ine

b
tegratione — AV — 2y-—c; nam cxtera omnia evanefcunt:
@

igitur fiet

= AO. Qua-
Varr =3z <
propier tempus per arcum EL exprimetur a formula
4,, Vari — “z.\/bb—zz"*_ib-.Ao.
c¢c

Quz formula ului effe poteﬁ donec non fit z =o.Verum
i quz-

B —Varr—zzo/bb—27 - _1_7_
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fi queramus tempus per integrum arcum EC , tam quantitas
algebraica, quam arcus A O evadit infinitus . Quare, determie
nata jam conflante addenda in integratione, It€rum pro arcn

A O {ubftituo A N, ut habeam tempus per arcum E L hoc mo-
do expreflum. , ' ’

475 ap o A R EE 400 s
ce

¢ Vbb—3zz ¢

i . .
M.Av_i. AN, Igitur fa&a z =0, habetur tempuspes
cc 27
integrum arcum E C hoc modo expreflum
A AB— A Sy g 440 av,

cc ce cc

~ Ex hac formnla, fi fumatur / infinite exigna,ut ofcillatio
fat per arcom minimum , & proxime ¢ = 2 » , probuabitur
circularis ilochronifmus. Nam in hac hypothefi quaniitas alges

. 47¥7 —- 7 - ' .
brajca ¥ 5 c = 472 A V. Ergo ex contrarictate fie
cc cc

gnorum eliduntur. Zqualitatem autem ita probo . Quantitas
1y ———— . . rb ;
RALPPpY proxime = 47: fed etiam 77, A V fit = 4.
cc cc

Etenim hyperbole femiaxis fecundus CM pofitus eft = 27% :

ergo pofita & infinite exigua infinitus eft : ergo hyperbola.
ANV convertitur in lineam refam parallelam fecundo axi
CM: ergo definitus arcus A V fiet zqualis ejus ordinate T V.
Inveniamus generatim hanc ordinatam . Ex natura hyperbole

2 2
CA:CM . CT —CA*: T VZ, five analitice 4r7 =

3 o
i%;—c.-:4rr+276—~4rr:TVZ: ﬂz—-:ErgoTV:M%’—c‘;

b

ergo pofita & infinitefima etiam arcus AV =V 7€ . ergo

arb
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i’f_b_AV = i’:_’_\/.i"_c,& faQa c==2r, erit —4—'-"—5—.A'V:4r .
cc cce . e ' ’
Quapropter tempus per arcum minimum EC reprzfen-

tatur a formula 2”2 A B, fen exiftente ¢ =2+ a folo quadran.

cc .
te ellyptico A B, Atqui femiaxis ellypfis C B = ¢ fit proxi-
me =27, hoc eft femjaxi primo CA: ergo tempus ofciilatio.
nis minimz per EC exprimitur a quadrante circuli, quihabet
radium duplum ejus, in quo fit ofcillatio. Quare ofcillationes
vel majores fint, vel minores, dummodo infinitefime, in circulo

funt ilochronz.

Si aveas comparare tempus defcenfus per minimum arcum

T dx

v
prixr_:cntem tempufculum motus yerticalis .mult‘iplicare per vz,
ut fat analoga illt, quam adhibuimus in circulo. Exprime-
dx/27

%
ergo fafta integratione tempus motus verticalis per {patium x
erit = zy/2vx: ergo tempus motus per fpatium X erit ad tem-
pus per minimum arcumEC,ut 2/ 2¢x ad quadrantem A B,
Si x=vr, habebimus tempus defcenfus per radium K C ad tem-

pus per arcum EC minimum, ut duplex corda quadrantis cir-
cali AEC ad quadrantem A B,aut ad femicirferentiam AEC,

tur itaque tempufculum in motu.verticali per formulam

. . r -
five ut corda quadrantis ad quadrantem. Si x = tempus
S

per dimidium radii , quod invenitur =2, erit ad tempus per
minimum arcuma E G, ut diameter ad femicircumferentiam , fey
ut radins ad quadrantem. Demum fi x =2, tempus defcenfus
re@ilinei prodit —g47: ergo tempus defcenlus per diametrum
aut per quamlibet cordam erit ut dupla diameter ad femicir-
cumferentiam, five ut diameter ad quadrantem. Sed fatis de.
pendulo circulari. )

Verum , antequam epxﬁolzxﬁnem facio, per te mihi liceat,

. ad-
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addere determinationem temporis in pendulo parabolico ope_,
conftru&ionis, quz fua fe fimplicitate commendat. In Parabo.
la CLE defcendat mobile ex ( Fiz. 15. ) punflo quictis E.
guazritur tempus defcenfus per quemliber arcum EL . Parame.-
ter CB=a, CF=46, FE=c, ut fit a6=¢c: CR =«

) e L
erit elementum L1 = 4; ergo tempus per hog

V%

. \\—_ ’
—dx W 3 f.

elementum exprimetur a formula—— ——: 4. Hec ut ad
VX o b— %

linearem dimenfionem redigatur, multiplicetur pery/ a, Ut tem-
-—-dx\//l. \/u—{aqfx} L
2y /b
“ Quoniam, vocata RL=— 1z, eltax=352,& \/x::;/i;,&
. -
._d_f: d3 pera&ta fubftitutione formula exprimens tempu-

- T =13
/% Va —dzyaai-anz
fculum per L1 fiet dzyaaiais

pulculum exprimatur a formula

five pofito cc pro

—— 3

L Vab—3z
ab, —ﬁdz‘/ffi_jzz. Quz formulz, ut difcimus ex N.II
Vee—3z

primz difquifitionis, integratur fola ellypfi r_e_é_’ciﬁcatii_mhunc nio-
dum. Produc FC in A, donec CA =/ aa-}-g4cc; atques
hic erit femiaxis major ellypfis; minor autem fit C B==s,hoc

“eft Parabol® parametro.Sumaturin minore abfciffa cG="5
¢

tempus per EL exprimetur ab arcu BD,per LCab arcu DA,

& tempus defcenfus per integrum arcum E.C a quadrante elly-
ptico BA, , .

Si CF =/, adeoque FE = fit infinite parva, femiaxis
ma-
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major CA fit per adequationem zqualis minori CB, adeoque
quadrans circuli metitar tempus per minimum arcum Ec,,qui-
cumque demum hic fit vel* major, vel minor. Quare etiam in
parabola pendulum minimas ofcillationes complens erit ifochro-
num .. v '

Hzc tibi fcribenda cenfoi , ut utilitasintegrationis per arcus
ellypticos, & hyperbolicos magis magifque patefiac. Te, Frae
tres reliquos, Fratrifque noftri Uxorem valere jubeo.

Boneniz pridie Nonas Januarii 1759. ‘ ,

Tarviiom ad Comitem' Jordanum Riccatum., = ¢

X2 . YIN.
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VINCENTIUS RICCATUS

JACOBO MARISCOTTO
: Geographie , O Naurice Profeffors ' '

S P. D

\. : .
Sl’em omnem , fi qua in te , Vir Clarilfime , reliqua eft,
conftruendi formulam illam, quaz tibi in reélificanda ne.
fcio qua curva fefe obtulit, per quadraturas Circuli, & hyper,
bolz, jubco te omnino deponere ; ea enim non conftruetur, ni.

fi {uppofita efiam conicarum fectionum rectificationc. Antequam
tamen 1d tibi ex methodis a me non ita pridem inventis demon-
ftro, liceat pavllo attentius contemplari formulam illam tuam,
& inquirere, cujus nam curve reltificationem exhibeat. Gratm
enim tibi futurum fpero, fi curvam, in qua nunc verfaris , cx
formula re&tificationis, quafi divinans oftendero.

Formulam, quam mihi propofuifti, nempe

4. 2 2
ax ]/ﬂ Hya st

-~~~ hoc modo difpono

= Hujufce formulz quadratum dividoin

3]

L. 2
@ 1 X

. X gaxxdx . )
hze duo dx, — > quorum radices reales funt, nempe
aa—+xx .

g axdsx
4x,

. Si has confiderarem tamquam elementa duzrum
a2 a—-xx

coordinatarum orthogonalium, curva oriretur tranfcendens ,cujus

conftructio dependeret ab hyperbola quadratura, de qua , fufpi-
Cor, te minime cogitare,

Quapropter curvam refero ad focum, & fuppono ordinatam
: FE
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FE==x,clementum ( Fig. 16.) autem citculare E & —. axdx ,

. v ‘ aa-fxx
ut curve elementum Ee a tna formula exprimatur . Abfcindo
FZ = a, & hoc radio defcribo elementum Zz, quod ut inve-

. . . axdx aadx
niam, facio x:a::Eb= 2 :Zz—_—
a4 a-x% aa-x %

formula eft elementum arcus circularis, cujus radius ==z , tan-
gens —x: ergo integrale elementi Zz zquale eft arcui ejufdem
radii, cojus tangens —x. Quare fi du®a qualibet FB produ-
catur arcus Zz in.B, cujus arcus tangens fit Z K , ‘debebit
hzc zquare F E . Irague hec oritur curva conftruétio . Centro F,
radio ¥ B = 4 defcribatur circulus BZ C. Dufta qualibet F Z,

s atqui hze

apge L K tangentem circalum in punéto Z, cui zqualem abfcin-
de FE, pun&tum E erit in curva.

Sit F H perpendicularis redtz FB, & EH re&z FE. Tria -
anpula duo FZK, HE F ob =zqualitatem angulorum fuat pror-
fus fimilia; fed FE=—=7ZK: ergo E H zquat ZF , fcilicet eft
conflans, & =a. Qux maxime fimplex eft proprietas curve, ut
conftans fir perpendicularis ordinatz F'E terminara a reGa FH.,
Nonne ex hac proprietate naturam curve fcratatus es, cujus de-

inde redtificationem requirens in formulam paullo ante expofitam

incidifli 2 .
Sed rem propius aggrediens, formulam hac ratione difpono
T o .
dx },/1 -l——_ﬂf— « Utor fubftitutione ﬂ-—t—_ﬂ =2z,

ang—- XX .
gue formulam in hanc convertit

N ez dx aa . .
dx l/l S _]/zz—[« ~Z. Ut arceatur 4x invenien-
423

: z 4 . .
da eft x per z, quod preflat refolutio wmquationis quadraticz
Nx—2NZ=—ga, quz dabit x=—=3 /3 z—asa. EX hacdo-
cemur , doplicem vatorem x refpondere cuicumque 3. Quare op+

portunum erit in figura valorem 3 determinare.

. A aa xx
Producatur tangens K Z in I, erit KI:-—-—-':-

Agatur F A dividens bifariam angulem reCtum BFC, qumft;an—
thits

—2%.



(
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fibit per interfeftionem circuli BAC, & curve FAE, quia
ob angulum femireGtum A F B tangens arcus B A “mqualis” eft
radio. Fac angulum AFD=AFZ, & linea F l_)produé}an.,_{J
{ecet circulum in U. Manifeftum eft,tangentem circali du@am
per punélum U terminatam ad reftas F B, FC =zquare K21,
Quare duplex x, quz refpondeteidem z erit ¥ D, F E, quarom pri-
ma —z— /25— aa, altera =3-+yzz—aa.

' His determinatis, quz elegantiam non mediocrem conci.
liant , neceflarium eft advertere, arcum minimum Ee, prout
eft elementum arcus A E,exprimi quidem per formulam

dx aa . . ’
—_— "1/zz+»~-; at arcos-minimus Dd, prout eft elemen.
zZ A )

f

tum arcus A D, debet exprimi per formulam figno —affectam,

nempe per — i;i i/zz—ii—if, quia crefcente A D decrefcit
4

%. Nunc vero profequens calculum differentio zquationem

e . . zd3 .
x=ztyzz—aa, & invenio dx=dz-* ___ﬁ—:_—,qux vae

_ ZZ—aa
lor fubflitutus in formula re&ificationis dabit

. 4_]_2‘: !/zz,_i__g —_—_i— d Z,fwzizz;l:;ﬁa:@_wm et e e e e ————
= 4 4 . Quz di%a funt fatisde-

VZz—aa. . ...

monfirant,, quid fignificet fignorum ambiguitas . Namque ele-

merlxtum‘Ee:izi l/zz»{— f_”.-(-dz l/zz—+— a9 ;

M__ﬂ_,i, contris
_ Vzz—aa
elementum Dd — :@3 ]/zz»—.{— fl—f+dzl/z'z+ i
< 4 4,
- Vzz—aa

guli infinitelimi EF ¢, DF 4 zquales fumendi funt.
Ex his colligimus, differentiam arcuum
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zdz

E.e-—Dd~ 1/ +-—- fummam veto

Ee-t-Dd=12 dzfl/zz+ —
' ‘ . Quare fala mtegranone erit

\/qz—-azz
AE< A D=S 2dx H/ z+ —Z-, quz, ut mox conﬁabxt 3

a fola quadratura hyperbolm dependet . Przterea. k

AE4-AD=S1dzVoz+ "% e e
—= 4, Ifz fammatoriz fic accis
Vi3 —aa

°

—

piendz funt, ut pofita 3= x=4g, evanefcant, & nihilozquales
flant . Hoc advcrtc non pofle effe % <, fed ab 2 ufque ins
infinitum auvgeri.

Jam vero per logarithmos integremus formulam

ﬁ*’; E/({-i—— —4— , quz ita erit dxfp@:enda” :
E/ﬁ 2L 4 . v,'_Ez-im%—--fof@qlaa fumma- — — —

e~ . . .
::l/gz+ 2. Vs ; ita enim -evanefcit pofita 2 = 4.
P :

Ut fecunda ad logarithmos reducatur, adhibenda eft fubﬂitutio.

2240y
ﬂ/z‘(—l— 22 —y,& formula in hanc mutabitur —% — qQuz
YY——
. Ldy Zdy 4
tefolvitur in hafce duas #__ — 2% | que ita integrentur, -
Cy—L gL |

nt
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nt fubtangens logifticz == =2 3 & Iogamhmus — =0y & ﬁet"‘
' 4

—’i l/z% —~~ 

l__{t_"\/;»-}—x_ 7T ::1” ‘/54_1
4 Je—y. a4 —

quz, pofita 3=, fit ——l-;_o. igitur

h}
J

AE AD =S 24'(]/ K+~~Zl/zz+_.;——a\/5

2/

. a
\/5+l V'(l’(l'—f—T -;'.
4 — 1
Vs l/q+——+—

w‘ dZ ﬂ/{z»—{_ —_—

Nunc me converto ad formulam

s

s QU per

\/5{ —ada
arcus ellypticos, & hyperbolicos integratur ex N. XVII prime
dxiqulﬁnoms hoc modo . Pofito femiaxe ma]ore ( Fig. 17. )

GM = is_, & minore GN — sdefcribatur ellypfis M N : ab.

2
feindeGR = ﬂ\/KZ 22, & determinaarcus N Q, M Q Tum

\/:{ z—{—-—- o
fe@aGL= 2, cum femlaxxbus GL, GN defcribe h"perbo-

3
lam L O, & accipe abfcxﬂ"am GS=_"23% & determina
2/2 3 %—aa
arcum LO. Ex N, XVII difquifitionis primz non curata con-
flante, quam paullo infra determinabimus, habemus
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Ed

k_ﬁ LV——[— "y LY. E;ufmodt quantxtas addenda erit 5 ut. Mo

. &ta Z.w ,1 ‘omnia evanefcant" atqul POﬁﬂ %—-ﬂ Sy evanefmt

oy g2 "Taf .
quantitas algebraica “j-/;_:q__, NQ fit quadrans edyptlcus ;
ah z
& evanefcit LY : igitur formula 1ta exit enuncianda

zdz l/zz—F-

S _4 _AE+AD_WK&L12
VZ3—aa _Vaat4z3
L MQN-NQ, 5,y _ TAYEZ—aa !
2 % Vaat+4232
m‘ E
- “‘34— 3 LY.
2 2

Determiaatis ita conftantibus , adverto , hoc mquationem
habere incommodi, quod fa&a z infinita, duplex infinitum has
beatur, nempe quaantitas algebraica, ac arcus LY. Quarextcxum
pro LY fubftityamus L O, qui, [ infinita, erit nullus.
Habebimus itaque :

AE—&—-AD—‘* z. qrt+laz7 - _S..{g-;-vfi-_{_' ‘/-;

‘/72—(—714 \//1/1 1-444 2
sLV— SL0+M

, 10 qua, fi z ft infinita , fola.

quantitas a gebralca mﬁmta eft, evanefcente LO, & degcne-
rante M Q in quadrantem ellypncum

" Quonfam tam-{omma, quam differentiz arcuum AE AD
inventa eft, liquet, dari arcus AE, A D. Verum non “debeo
omittere determinationem arcus A F. Hanc ob rem primama-

quationem deme ex fecunda , feu differentiam ex fumma at-
cuum, & invenies

2AD = -\/a/1~+-42;1+ ‘zlgdﬂ+£zz . ii,k + .
435 a /s a+423

avs
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A

v—ﬁfiazﬁ—»—— .
4 2z S -

» 10 qua omit.

pta’ differentia fit —— :

Vaa—t+42z./x3—aa
a . 13 2 .
tenda — infinitefima refpeftu —4 2z : atqur

2% 4
o . _—
T34 7% _ __eft infinitelima ;™ quiz in divifore
Vaa—+4zz./3%—aa ' SR :
elevatur ad fecundam poteflatem,in numeratore tantum ad pri-
mam : differentia igitur inter duas expofitas quantitates alge.

braicas infinitefima eft.

Methodus hzc, qua ad conftru&tionem perduxi formulam
a te propofitam ; alias ejuldem generis formulas feliciffime ab-
folvit: quod unico dumtaxat exemplo non erit fupervacaneum

151»/1 8 nzxx

T e Eﬂ“

oftendere . Integranda, fit formula 4%
&a ocuo—c2

aatxx
=2%, quz formulam propofi-

dem utor fubflitutione

. . dx — . .
tam in hanc convertit — /%53 —244. Ex fubRitutione item
z

deducimus x =z ~* /7 z—as4, quz docet, duplicem x cidem
% refpondere. Eliminans demum a formula elementum 4% in-
venio % Vzz—uaa = d_g_\ig_z:‘ia ud
Vzz—aa

Ut claritati confulamus, atque facilitati , formulas revoce.
mus ad figuras geomeiricas. Primo defcribe hyperbolam , que
fit locus hujus zquationis 74 —-xx = 2.Z %, Defcribitur autem
hoc modo. Conftituantur ad angulum retum ( Fiz. 18.) CO,
CQ, in hac accipe CA =z, cui fit zqualis ;& perpendicularis
A B, quam divide bifariam in D, tum junge ; & produc CD.
Inter aflymptotos CO, CD defcribe hyperbolam tranfeuntem
pet punétum B hzc erit locus quzfitus, & exiﬂcntibusCCQP 9
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KQS-+HRP= S e I v _fur_nmatoria: ita

Vzi—aa o
accipiendz funt, ut evanefcant fafta 2=« Vv 2

ds o .
Ut integrem formnlam —— /Z s —2 44, €am in kunc mo.
zZ

2d 200d%

dum difpono ——"> — ——"————., Ex his prima_,
Jzz—2a8 2yzz 248

integrabilis eft, & €jus fumma = /zz—z2a4; altera dat ar.

cum circularem , cujus radius = # y/ 2, fecans:z. Quare facil-

YUma eft.confiru&io ( Eim. 19. ) ~Radipae —a V/'} deferibatyr

Hothra

quadrans circularis ed b, & duéta tangente e c, applicetur fecans

ac:=%, erit tangens ec=\/zz —zaa , arcus
. 2aad
ced=S5 —"::—__':z,.::: crgo
s A/ zz--2az
KQS—HPR=24. V52 —245—ed=2a.ec—ed.

dzy/ zz- -2 .

L/;-::::f.f confiruitar fola ellypfire-
] vzz —aa
&ificata, ut conftat ex N. VII primz difquifitionis. Sumpta_.
a t = a defcridarur ellyplis fgb, & in axe majore fumatur
N zz—2aa ,— . . .
\/~ —— v 2,& dulta ordinata ig determineturar-
B Taa
cus fg:quiarcus facilivs determinatur, fi tangers fk, quadu-
citur 5 cunlicetur, ut fic kh--tg, & jungatar ah: erit

deyzz-2an _2/z5—24a
S —"'—.__5;'?"_.—:_’:— = —‘/':'“———f ————— = fg: Crgo

Vzz—aana Ve sz

Altera formula

o

KQS+HPR=2,.2/22 7244 ¢

. Vig—aa
Quoniam tam fumma, quam differentia fpatiorum K QS,
HRP inventa eft, conftat eadem {patia pariter inveniri. Ve-
tum ad aligiiot determinationes faciendas utrumque inveniamus.

‘ KQS
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KQS=usa. Vyzz—zaa+ E—-‘Lf_z::zﬂ — ed — fg

HPR =—a. _%—‘/ff:f_ﬂa’——\/"zz——zaﬂ + ed—fg.
Vzz—aa

Determinemus {patium HLC, quod obtinetur ex fecunda

formula pofita 7 infinita. Quantirates algebraicz duz fefe mu-

tuo deftruuat, quia earum differentia fit infinitefima, quod fa-

cile probatu eft: nam ita illas exponemus

zo— IS, e aad .
‘l/-:::z:_ﬂ—e.{—‘/zz——aﬂ:atqm /z ——aa:zﬂ—fomu-
V2R
V3z—aa 22

fis {ubfequentibus terminis, qui certe ob exiguitatem negligen-

ZZ—2aa8 aa . H
vz 208 Z2, quz quantitas in-
22

di funt: ergo habemus

Vzz—aa -
fnitefima eft, ut cuique patet: ergo HLC=a.edb—fgb.
Nunc proda@a GK in X, requiramus fpatinm K X T clau-

fum inter curvam, & affiymptotum . Quonfam CK =a.y/2a 41, .
&CQ==z-y/z3—aaeritKQ=3-+yzz—aa—ay2—a

ergo reftangolum X K Q =a. z—i'—\/zz—*;;——zz\/z_"——a,a‘
quo auferatur fpatium K QS, & remanebit fpatiom:

XKS=a.z4ez—aa — /33 —248 — il/_ii__é_"_f
e e . Vzz—aan
w—ay 2—a—ed- fg. Si ponamus z infinitam’, quantitates
algebraicz , ubi z ingreditur, evanefcunt, quia earum differen-
tia eft infinitefima, ut facile methodo, quz paullo ante ufi fue
mus, probare potes: ergo fpatium infinite longum .

KX71=:u.edb-—2ny 2 -+-fgb—a, five.

KXT=s.edb-—ae-+tgb—af.
Due exempla , qua attulimus ycertifimum te faciunt, Vir
Clariffime , formulam

dx









™
)

=~

v
[N _,"Ah.
X.r/ _
< u E
i ANY






















\ | 177
. PU S C U LUM TERTIUM ]

EPISTOL A

‘qua ad examen vocatur argumentum, quo Galileus rc-
. fellic hypothefim gravium ea lege defcendentium , ut
-+ yelocitates fint dpatiis peractis propottionales.

VINCENTIUS RICCATUS
“JOANNI BAPTISTZ NICOLAO

- In Seminarvio Tayvifine Mathematice , &
Phylojophs effors

S. P. D.

Thil mireris, Vir Clariflime, quod, pofiquam ad accuratum
examen revocafti argumentum iilud ,~quo Celeberrimus
‘Galileus confurat hypothefim fatuentem, mdbile a&lum a gra-
ivitate conflante acquirere velocitates fpatiis proporticnales, in
quamplurimas dubitationes incideris, & incertus hzreas, quod-
nam judicium de illo ferendum fit: namque acutiffimi geomes
‘trz , qui non minus anteafto, quam przfenti {zculo foruerunt,
hoc idem experti funt ambigentes, utrum argumentum illud it
necne recenfendum inter demonfirationes geometricas. Quapro-
pter, ut ex litteris 2 Cazreo ad Gafendum datis colligere lix
cet, neglefta prorfus Galilei ratione, hypothefis refutara defens
{fores non paucos nafta eft: neque adhuc fortafle in exilium a
“Pphyfica expulfa effer, nifi Perrus Fermatius Geometra in primis
“acutus methodo firmiflima more veterum concinnatia eamdem ad pa-
_tens abfurdum deduxiifet. B

‘. Neque prorfus iniquz hujulcemodi dubitationes putandz
it, quia Galileus ( fateri fas eft ) preter morem {ubobfcurius
juutus eft. Ut petitionibus tuis faciam fatis, navabo operam,
omni obfcuritate fublata Galilei ratiocinium exponam dilue
e, ejufque vim penitus patefaciam, Tuum erit deinceps des
dem judicium ferre. Z Ante-
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Antequam recipio, quod fpopondi, per te mihi liceat, ver.
ba ipfa Galilei ex italico idiomate in latinum translata defcri.
bere, ut certior fieri poffis, a me non novum gonﬁm‘, ft;d Via
tus Galilei argumentum clarius exponi. lta Galilens Salviatum
fuum loquentemr inducit. Quum welocizares ezmm’em' b{:ber{z Pite
tionem , quam [patia tranfalta , aus sranfigenda bujufmod; fpa-
2ia equalibus conficiuntur temporibus . Irague fi velocizates ; quibys
mobile cadens confecit [patium gquatnor wlnarum, duple fueruns
welocitatum , quibus iter habuit per duas primas ulnas ( quemad.
modum [patium [patii duplum eft), igitur boxum itinerum tem.
pora eqwalia funt . Atqui idem mobile percurrerenon potefi O gua.
suor 5 O duas ulnas eodem tempore prater quam in moty inflan-
2anco . Veram videmus grave decidens motum [fusm. finito rem-
pove pevfoluere , € citius duas ulnas, guam guaruor pevcurrere . Fal-

fum szitur eft welocitatem cvefcere quemadmodum [parinm,

Verba Galilei accepifti : accipe nunc , quomodo ratio hwc
per me clariflime exponatur. Mobilia duo =qualia A | B defeen-
dant ( Fig. 1.) motu accelerato per fpatia AC, BD, qua fint,
cauffa exempli, ut 2: 1. Quoniam hypothefis pofcit, ut mobi-
lia dcquirant velocitates fpatiis proportionales , velocitates in C s
D erunt ut 2+ 1. Dividatar fpatium BD in numerum infinitum
infinitefimorum fpatiorum zqualium ,ut Dn nzn ,2n3n &ce.
Similiter divide fpatium A C in @qualem numerum minimorum
fpatiorum , ut Cm, mam, 2 m3m & ce. Liquet, quodlibet ex
his fpatiolis effe ad quodlibet ex iilis, in quz divifum eft fpa-
tium BD | nta:r1.

Quoniam A C: BD::2:1,& Cm:Dn::z:1:eritAm:
Bn::a:x: Igitur velocitates in m , n funt ut 2:r. Similiter
quando non minus Am: Bn, quam m2m: nznelt ut 2: 1,
velocitates in 2m, 2n erunt ut z: 1. Ira progrediens demonftra-
bo, fpatia_omnia ‘analoga, & velocitates in omnibus punétis a-
nalogis fefe habere ut 2: 1. .

Docent leges motus zquabilis , tempora equalia efle , quum
velocitates fpatiorum confe@orum fervant proportionem . Quare
quum fpatiola m C, n D tranfiguntur velocitatibus , quz funt
ut fpatia, hoc eft, ut 2: 1, iifdem prorfus temporibus confi-
cientur. Eadem . ratione zqualia probabo tempora, quibus per=
curruntur fpatiola 2mm, 2nn, quia tam ipfa, quam velocita-

B <<
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tes tenent rationem 2 : 1. Sic difcurfum protrahens ab elemen-
to ad elementum probabo omnia elementa analoga fpatiorum
AC, B D xqualibus temporibus confici: igitur etiam integra
fpatia AC, BD eodem prorfus tempore percurrentur. ‘
Verum evidens eft, corpus B itinerari per fpatium BD eo
ipfo tempore , quo A defcendit per primum dimidium {patii
A C, quod zquale eft BD: igitur corpus A conficit tum inte-
grum fpatium A C, tum primum ejos dimidium ecodem tempo-
re. Quod confe&tarium illud ipfum eft , quod antea collegerat
Galileus. : ' ‘
Munere meo funétus fum ego, tu tuum exequere, & tribu-~
nal afcendens fac fententiam feras, utrum ratio expolita locum
habeat inter demonfirationes prazditas evidentia geometrica . Ne

¢ el ) 3
metipfi accederit quu,m fludens, ac meditans judicis partes af-
fumpfi. Statim ac Galilei cogitatum tam bono in lumine colloca-
vi: nifi bzc demonftratio eft, mecum ipfe inquiebam ,opuserit,
fexcentas refpuere , quz eadem methodo procedunt , neque vim
majorem preefeterunt . Attamen nemo unudeft inter geometras, qui
ealdem libentiffime non recipiat. Quod (¢ homines doé&iffimi de
Galileana ratione din multumque dubitarunt, huic cauffe unice
tribuendum videtur, quod propter obfcuritatem , qua obduéla e-
rat, ejus vim , ut par erat, minime perceperunt . /Equam adeo
certamque fententiam hanc meam arbitrabar, ut in litteris Cor-
ticellio datis , & editis tomo primo Opuf. decimo, quibus Joan-"
ni Babtiflz Baliano gloriam , qua privatus erat, reftituo , lucu-
lenter feriperim, abfurdum a Fermatio propofitum re vera nihil
differre ab eo, quod protulit Galileus, atque probavit, tametfi
Farmatius ofus fuerit clariore, atque exaétiore demonfiratione=
Verum repetenti mihi non ita pridem eamdem Galilei pro-
bationem iterum excitat® funt veteres dubitationes, qu® nonex eo
oriuntur ,quod Auétoris mentem non plane affequutus fuerim , fed
immo quod affequutus fuerim clarius, atque penitins. Eas paul-
latim eveolvam : tu, poftquam audieris, quanti ducendz fint, ju-
dicabis . Libenter tibi vitro concedo fpatiola omnia mC, amm
& ce. percurri eo tempore, quo percurruntur fpatiola analoga
nD, 2nn & ce., dummodo_excipias prima Aim, Bin. Hilce
primis aptari non poteft rauéa, quz valet in aliis omnibus . Ete«
2 nim
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nim quum in punélis m,n velocitates finitz fint , & earum in.

crementa per minimas m C; n D infinitefima, licet , ut cuique no.

tum eft, fupponere, corpora per elementa m C, n D zquabili me.

“tu cieri: at in primis elementis .A_xm,B_ln choc:t_ates in pun.
&is A, B nullz funt, in punttis im, in funt aliquz quidem

certe: ergo quum mobilia per {patiola Aim, Bin motn zqua.

bili iter non habeant , nullo modo probari poteft , horum itine.

rum zqualia effe tempora . Si vero, inquam , dlﬁt_erenri‘a inter

hzc tempora , quibus prima {patiola peraguntur , finira effet, quo-

modo ex zqualitate temporum , quibus reliqua fpatiola analo.

. 83 _percurruntur , quomodo colligeretur, ®qualia efle tempora,
quibus percurruntur finita fpatia AC, BD? ‘

1 = . - . i

res ita feﬁ:’habct, tecum ipfe ais, xqualitas temporum proba-
bitur quidem in 1llis fpatiolis, quoram finita eft diftantia 2.
pun&is A, B, fed non in illis,qua diftant per infinitefimum;
quia in his augmenta velocitatum habent rationem finitam cum
vefocitatibus primitivis, atque adeo non licet confiderare mo.
tum tamquam uniformem. Attamen in his quoque, dummodo
prima noa fint, videor, tibi zqualitatem temporum non nega-
re. Non nego, Vir Clariflime, immo ultro tibi hanc zquali-
tatem concedo, neque paralogiimi pericelum pertimefco: dum-
modo {patiola prima non fint, quemadmodum non funtclemens

ta imi—uim,in i— 1n. Etenim quamquam incrementa ve-
Jocitatum funt in ratione data ad velocitates , quibus przdi-
ta erant mobilia in pun&is im, in, neque propterea licet
confiderare tamquar 2quabilem motum per fpatiola integraw
imi—ym, in i—1n: tamen quis prohibet dividerc hxc.duo
elementa in @qualem numeram aliorum elementorum infinitefi-
morum fecundi gradus,in quibus, quum velocitatum augmenta
minimam rationem habeant ad velocitates primitivas, motus
Ipetari poteft tamquam =quabilis. Re autem fic fe habentes
proclive eft demonftrata, mobilia eodem tempore tranf(igere {pa-
tiola analoga infinitefima fecundi ordinis, atque adeo fpatiola in-
finitefima primi ordinis imi—1.m,ini—r.n.

Verum quanam de caufla, avdire videor te mihi objciens

tem,quanam de caufla non licet uti eadem methodo in fpa-
tio-
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tiolis Aim, Bin, eademque dividere in fpatia minima fecun-
di ordinis. Licet, neque enim ulla lege vetitum eft . At hue
jufmodi divifio nulli tibi erit utilitati: nam in omnibus anas
fogis fpatiolis @qualitatem temporum demonftrabis, fed non in
primis. Quod fi, repetere fas eft, finita eft differentia tempo-
rum , quibus percurruntur prima duo fpatiola analoga ,2d quem-
cumque tandem ordinem infinitefimorum pertineant , recipien-
dumne erit confe@arium ftatuens , tempora per Aim, Bin
zqualia effe? _

Sed fuppetias tibi feram, & omni te anguftia liberabo ,
demonftrans, jure bono vocari poffe zqualia tempora illa,qui-
bus integrz linex AC, BD conficiuntur , tametfi differentia

— m . quibus prima elementa conficiuntur, finita fit. Quo=
modo, ais,componi hzc polffunt 7 Qiom i 5
conficitur A C, idem dic de BD, infinitum eft . Neque hoc
fupponere placet , {fed geometrice demonfirare. Adeflo animo .
Hypothelim hanc mihi confingo, quam , ut brevius loquar, fi-
&am deinceps appellabo. Pono mobile velocitate acquifita in.
pun&o im percurrere primum fpatiolum Aim; ea vero quam

aquifivic in ponéto 1— I m percurrere {patiolem alterum..

im i-— 1 n,atque ita deinceps.Evidens eft in omnibus punélis
{patiolorum, extremis exceptis, majorem cfie mobilis velocira-
tem in hypothefi fita, quam in hypothefi vera motus continen-
ter accelerati :igitur in hypotheli ficta breviori tempore defcen~
det per lineam AC, quam in vera naturz hypothefi : atqui in
fi%a hypothefi conficitur A C tempore infinito: ergo etiam in
vera. Argumentum, quod eft a fortiori , nullam recipit ref-
ponfionem.

Infinitum vero efle tempus in hypothefi fifta ita demonifiro. _
Voco — dx quodlibet ex fpatiolis, ut Aim.Liquet velocitates

in pun&is im,i—1.m,1—2m & ce........ C exprimi per

hanc feriem dx, 2d%, 34X & ceeerrnnn i1 d%, in qua §
eft numerus infinitus, quia velocitates funt ut fpatia peraia .
Tempora vero, quum fint ut {patiola divila per velocicates , in
fucceffivis fpatiolis zqualibus exprimentur per terminos feriei

ax%x
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pus, quo in fifta hypotefi conficitur tota A C, exprimetur per
fummam infinitorum terminorum hujus feriei decrefcentis , quz
eft notiflima feries harmonica . Geometrarum nemini in prafens
ignotum eft, feriei harmonicz fummam effe infinitam : igitur in.
finitum eft tempus , quo in ficta hypothefi mobile a punéto A
pervenit ad C: ergo afortiori etiam in hypothefi vera. Idem dicas
velim de tempore , quo mobile B pervenit ad D. En tibi ma.
xime fimplicem demonfirationem ejus abfurdi , quod primum de-
tectum eft, e d : ioin—¢ rifa—epi
ftola ad Gaflendum . , , .
His pofitis fi differentia temporum , quibus percarruntur fpa-
tiola prima Aim, Bin, aut quibus percurruntur fpatia integra
A C,BD,finita eft, hujulmodi differentia ad ipfa tempora, quz
demon?rata funt infinita , minorem rationem habent quacumque
data: igitur tempora ,quibns conficiuntur linex AC, BD}in a-
liquo vero fenlu vocari poflunt zqualia. Verum putasne , hujufe
modi zqualitatem quidquam facere ad fuflinendum Galilei .argu-
mentum ? Nihil fane. Etenim nullo modo hoc confeSarium de-
{cendit : ergo motus eft inflantaneus. Nam re&z A C, B D, aut
re¢ta” A C, ejufque dimidium non conficiuntur temporibus ita 2+
qualibus, ut eorum differentia nulla fit ; fed inter ipfa finita in-
tercedit differentia , qua mabile delcendit per fecundum dimidivm
linex A C, hoc eft percurritur linéa finita tempore finito. Nihil
itaque eft, cur timeamus. motum inftantaneum , quem minatus
fuerar Galileus. ' Trote el -
Sed fubiratum te confpicio,atque ita mihi opponentem . Re-
&e quidem, G differentia temporum per prima infinitefima. ele.
menta finita it.. At quis certo afferit finitam? ha&enus fuppofi-
ta eft, non probata. Rogo te, ut placida mente advertas, nihil
aliud mihimetipfi propofuiffe me , nifi ut in dubium revocarem..
Galilei argumentum : quem ob finem fatis mihi erat probare,
illud invalidum effe, imo paralogifticum ,fi differentia inter pre-
dicta tempora foret finita. Ad Galileum ,aut ad alios, qui tue-
ri

EyE = viALie vHIe



#i ejus partés velint , pertinet probare, differentiam temporum
per prima fpatiola duo non finitam effe, fed infinitefimam . Ne-
que ad hoc fufficie dicere ,infinitefima effe prima fpatiola ;quia
licet ipfa infinitefima fint , tempora tamen , & eorum diferentie
finitx effe poffunt. Si- vero aliquis conetur demonflrare pradi-
&am temporum differentiam finitam non efle ; ego’ tibi polli-
ceor, eum olenm atque operam perditurum. o

Sed quid erit pretii, fi omni te anguftia, atque dubitatio-
ne liberavero? Ajo itaque audaler, finitam effe differentiam..-
temporum , quibus dio prima fpatiola conficiuntur : atque hu-
jus veritatis habeo geometticam demonfirationem ,quam poftre-
mo placet ad te feribére. Notiffimum tibi eft, elementa tems
porum efle in ratione dire®a fpatiolorum, & inverfa *velocita-
tum. Igitur acceptis velocitatum reciprocis, elementa temporum
erunt tnm ot elemen aLToT i t—vyelecitatum  recie
procz . : , )
Sancito hoc theoremate, quod ad unum omnes recipiunt
‘venio ad hypothefim corporum ea' lege delcendentium , ut velo-
citates fint, quemadmodum fpatia .2uare fi'AS exprimunt {pas
‘tia, SV exprimentes ( Fig.2.) velocitates erunt ordinacz ad li- .
neam reftam A V. Igitur curva, cujus ordinatz funt velocita-
tibus reciprocz , erit hyperbola apolloniana inter aflimptoros

O GR. Accepto minimo fpatio Ss, tempus per Ss erit -in ra-
“tione compofita tum Ss; tum RS, five in ratione fimplici re=
&anguli RSs, ant minimz arez RSsr: ergo integrando tem-
pus per A'S erit ut area hyperbolica OASR, quz area quum
infinita fit, ut omnibus notum eft, iteram probatum remanet,

tempus per finitam AS infinitum efle. :

Ad rém noftram accedo propius. Accipe minimum fpatium

A M, atque hoc fpeGet ad quemcumque volueris ordinem infi-

nitefimorum , & duc ordimatam M G, habebimus tempus per

A M expreflum ab area OAMG. Similiter fe&ta A M =quali-

ter in N, duftaque ordinata NF, tempus per AN reprzfen-

tatur ab area OANF : igitur differentia temporum per AM,

AN exprimitur per aream FNMG: atqui hzc finita eft: er-

go temporum differentia per AM, AN finita eft, -

Ut finita probetur area FNM G, ducantur per punéta
F, G parallelz abfciflis reétz K FL, GIH, & vocetu:ﬂ: as
: reéétan-
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eQangulum conflans ex abfciffis, & ordinatis hyperbolicis, quod
:r:erre tginitum eft. Arca FNMG eft major reétanguloGIN M,
quod eft dimidium reanguli HAM, five aa; ergo arca
¥NMG faa. Eadem area eft minor reftangulo FNMK,
ant FLAN,; aut as:ergo FNMG < 24, Quamobrem area -
“F N MG, que media eft inter duas quantitates finitas, major u-.
na, minoraltera, fine dubio finita fit, necefle eft. Q: E: D,
Ex hac demonfiratione colligas velim, eamdem femper el-
fe differentiam temporum , quibus percurruntur duo fPa_t,ialguaf;-»
cumque, quz fint in ratione dupla. Accipe A R, que fit dimi-
dinm A’S. Differentia temporum , quibus conficiuntur A.P,A'S,
eft area QPSR. Atqui quum fit AN: AM:: AP: AS con-
flat, areas FNMG, QPSR =zquales effe: ergo & ce. Hinc
alia hahern maonflrario arex N 3 it - icet infinite
fimz fint AN, AM: quia quum finitz fint AP, AS, area
QPSR finita eft quidem certe . Horum fpatiorum hyperboli-
corum valorem proximum vero, quantum volueris , per feries
pollem exhibere. Sed abuterer rua’ patientia, fi in rebus hifce
notiffimis diutivs immorarer. - : R
I‘-;?s attente confideratis quid tibi videtur? Num reprehen-
dendi funt qui dubitant, utrum Galilel argumentum inter de-
monflrationes geometricas' fit connumerandum ? Sententiam , ar-
bitror, a te pronunciatam efle adverfus Galilei argumentum ,
quod non dubii paralogifmi condemnas. Adverte , Vir Clarifli-
. me, ‘quanta cautione opus fit, dum tranfitus ab infinitefimis ad
finita faciendus eft. Primo intuite unufquifque juraffer , demon-
ftrativam efle difcurfum ; quo Galilei rationem illaftravi . Atta~
men in eo latebat fallicia, quam gaudeo me detexifle, quiatibi
morem gerere , tuilque petitionibus fatisfacere potui. Vale -
Bononiz Nono Kal. Decembris 1757. Tarvifiom ad Clarif. -
Joannem Baptifiam Nicolaum. : ‘

o
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OPUSCULUM QUARTUM.
E P18 TOL 4

Jn qua exhibetur formula generalis zquationum , qua radi-
cem habent cardanicz fimilem , atque cjus ope formulz
aliquot in trinomia realia refolvuntur, & cottefia-
num theorema demontftratur.

VINCENTIUS RICCATUS
FRANCISCO BENALEE (a).

S. P. D.

PErgramm mihi accidit, quod ca tibi, Vir Clariffime, pro-
bata fuerint , quaz fcripfi in quarto opulculo tomi primi,
ubi ago de xquationibus recipientibus .radicem fimilem radici
cardanicz. Approbatio tua effecit, ut eafdem zquationes men-
te repetens nonnulla an:n;adverterim,qua:& earum naruram pa-
tefaciunt , & u'um amplificant. Hzc in prefens ad te mitto :
tu fac judices , utrum al'quid pretii fint habitura. .

In opufculo quarto Temi primi pag..52. tabulam invenies,

Aa ’ Cu=

(a) Anteguam bas litteras acciperet Francifens Benalea, miferandum
in modum Ulifipone diem obiir fupremum. Natus evat boneflo loco Tarvi=
fii y ibique phyficas, €& matbematicas facultates didicerar a Fordano Co-
mite Riccaso. Eratre meoy cui ecat cariffizus. Quum ingenio Francifeus
potlevet acerimo, negleflo provfus jure. cui antea opevam dederar, ad bec .
fudia animum wnice intendit, in itfgque adeo profecit , ut nibil nom effce
ab co, fi dintins vixiffes, expellandum . Sed ubi fatum ecclefiafticum ame
plexus efty ac facerdotio initiatus, its ad fludia rbeologica fe contulit, ut
geometrica ne deferevet . Socius accitus ab Angelo Emo Equite Ornatiffimo,
gui nawi wenete vraefl plura cum eo maritima itinera obivit.Sed dum s
Corcyra nawigar Ulifiponem, in Qceano, exorta fediffima tempefate yamif-
fo gubernacnlo, infumma commeatns, dc prefertim aque caritate ita debie
litatus eft, ut Ratim ac portum attigit \ letali febre correprys, plenus ea,
guam femper colueras , piesate ac veligione visam finierits
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cajus auxilio mquationes illz ufque ad gradum decimum QUate.
tum eHormantur : przterea methodum facilem docui., qua ta.
bula ilfa ad quolcumque gradus extenditur . Verum formnlam
generalem non exhibui, in qua omnes hujus generis zquationes
continerentur, Hoc prazftabo primum; quando preflare facile
poflum, utens methodo inveniendi terminos generales ferierum gl
gebraicarum, quam tradidi Capite fecundo Commentarii De_,
Serichus vecipientibus fummam algebraicam , aut exponentiye
lem .

_ Fac tibi ob oculos ponas tabulam, cnjus. paullo ante men.
tionem feci. Series prima verticalis, quz fubeft termine m#,
eft feries arithmetica, cujus fcilicer differentizz prima conftan-
tes funt. Eins terminus generalis flatim cognoflcitur —p _ de.

v . - . 7 Y
notante p gradum wquationis. Altera {eries, qua fubeft termi-
,

2
no m n , eft algebraica fecundi ordinis, qua habet conftantes
differentias fecundas . Ejus terminus generalis, ut conflat ex
commentario de Seriebus , hac formula continetur A+-Bp+Cpp
que debet =2z pofita p =4, debet = 5 pofita p =5, debet — g
fala p— 6. Igitur habebimus tres zquationes

A~+4B+16C=2 | Deme primam ex fecunda, fecuns

A-45sB425C— dam ex tertia , & duas ®quationes in-

A+6B+-36C=9 | venies

B+ . C-:- TR . .

B+x§c"—:2 II "Dematur item ex altera prima, & fiet

2C =1, five C=-1. Quo valore in aliis zquationibus op-
: 2

portune fubftituto , nafcetur B = -—-‘Z——, A=o. Igitur ters

minus generalis fecundz feriet fubflantis termino mzmz fiet
—3ptrp p.p3

U \ ,
Similiter feries tertia , cui fuperflat terminus oS | eft
algebraica tertii ordinis, & habet tertias differentias conftantes.
Ejus terminus generalis hac formula ircluditur A
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A B)o--Jl,—-Cpp—-l—-Dp3 » quz debet mquare z, 7, 16, 30fas
&a/fucceflive p=6, 7, 8, g. Quatuor ergo nalcuntur =qua, .
giones ’ ‘ .

A+ 6B436C+216C= 2 |  Singulz zquationes ifiz
A+4+7B+49CH343D= 7 | 2 fequentibus detrahantur ,
A4-8B+64C+s512D=16 ‘ & tres orientur =zquatio-
A4-9gB+-8:1C+729D=30 | nes ‘

%:: :‘;’ gi izggz ; i Fa&a ut antea fingularum des
Bt17C+217D =14 ! dutione duz fequentes orientur

Crrazb= i .
:C—}—Zizi D:;I' ll & prima ab altera dedu&ta fiet

- - - - - -

6D=1,five D= —-;— . Demum opportunis pera&is fubftitutios

nibus Cz:‘%i, B= ig—, A =0. Quapropter ferici termi-
3 —_——
20p—9pp+p __P-P"4 P 5.
6 o . 2.3
Simili utens methodo in reliquis fericbus, quz funtomnes

algebraice, quarum gradus unitate crefcit , invenies terminos
generales ordinatim efle ‘

peP5-p—6.p—7

nus generalis erit

2. 3. 4 .
p-p—6.p—7.p—8.p 9
2-3-4-5
ELP_7‘P_8' P 9. P10, p—IIL
2. 3.4¢ 5.0

PP —8.p— 9. p—10. p—11. p—12. p—13
2. 3040 5. 6. 7,

; atque Jtaes
deinceps .
Aa 2 Quz
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, Quz quum ita fint xquatio generalis, cui eft radix fimi.
lis cardanicz, invenitur efle :

T st TR
& . : T 2.‘.3 . S

g )
¥ -——pax

JRerTs p—6.p—7 &8 p.p6 p—7-a‘*f_$-p,~g£sxp-xo
2.3.4 2.3:4:5 .
.F—?.;~8.p“9.P“lO.p—Il 6 p—iz
~+P 2.3425.06 48
In hac formnla animadverte, omittendum efle terminum illum,
in quo p incipit efle minor eo numero,qui deducendus eft, &

oo;an-"“b:%

terminos omnes-confequentes.

Deteéta generali formula non injucundum tibi eric , Vir
Clariflime , inlpicere, qua facilitate , & elegantia binomia a-
liquot & trinomia in fatores reales {ecundi gradus refolvantur,
& Cottefii do&@iffimi virt theorema vulgatiffimom demonftre-
tyr. Namgque his dumtaxat exemplis, quz jam rota funt , u-
fum =zquationds noftrz juvat patefacere. Hanc ob rem memen-
to, me in ejufdem opuiculi parte altera docuifle , radicem -

quationis, pofita # pofitiva, femper ita exprimi» —=2.C.% :
- — - x P

exiftente @ arcu, vel logarithmo , cujus finus totus = 2%, &

cofinus — ——

p——=1

2.2 ,

piendi funt cofinus hyperbolici ; quo in cafu exiflente. p im-

» & finus pgﬁtibvus eﬂ.Si[Zf;> np, aceis

- Oy 4 , L e
pariy, Ch.~habet unicum tantum valorem realem , exiffente

P
p pari habet duos, pofitivam unum,alium negativam .Contra fi

p Lo . .
— <4, capiendi erunt cofinus circulares, in quo cafu ce.?

K . - - £ P
tot valores habet, quot p coatinet unitates . Qui valores, po-
fito @ arcu circumferentia minore , & circumferentia = ¢ , erant

Ce.
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. : : j-,—'l.,,c-_-l-. B
Ce.~-, Cc. —, Crc. _:_'—"—'°""".C‘,°L"‘“—-”'f"""?‘lf

N S 4 2
“Reli&o' cafu primo, qui nos deducit ad cofinus hyperbo-
licos, fpe@o dumtaxat alterum, in quo, quum ad cofinus cir-
culares ducamur yequatio radices omnes reales continet . Aflumo
trinomium %z — x g -~2==o0. Si ininventa generali zquatione
fubftituam pro x ejus valorem a trinomio exhibitum , neipe.

z -+ — manifeftum eft, novam oriri formulam, quz liberata

a diviloribus erit refolubilis in tot trinomia fimilis formule
—quot {unt valores x. Fa&ta fubRitutione nafcitur formula

P '

4 a . . z g {
z +7—-—b:o, five trinominm z P——bzp-l—-a‘:o. Quo-
. R bb P S
niam exifteate — < 4, % habet omnes valores reales, quos

antea invenimus, conflat, trinomium, Cujus graduc eft 2 p  re-
folvi in faltores fecundi gradus réales numero » hoc modo

:(z P—-—b %P+ap:z z—2Cc¢ .%.f{fa.qﬂ_;'—z Ce. c+@'§+é;
zzx—2Cec. 7‘C+@.(%—a.,....ozz—ch.w@é.

Quod erat Inv. . ‘ X ) .
Sed hypothefes aliquot accuratius evolvamus. Fiat primo

. . 2p P : -
b =0, ut habeatur biromium z * -4 =o. In hac hypothefi,
quando cofinus arcus @ = o, & finus fic oportet pofitivus, arcus @
erit quadrans circuli . Quare vocata ut antea circumferentia =—=¢,

adeoque cjus quadrante = — , trinomia realia, in quz bino-
mium refolvitur, erunt hujufmodi

zz-ch.L.z~+-a,qz-—z Ce.3
4p -

c . gy
42,2 7—2 G oo~ . 5t2
4p RRTARE Y

X
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‘ z.%—‘ZCC‘-Bﬁ.Z“}"ﬂa‘n-u -“ZK."_ZC"' -4.—’1—;:}-,—3—;5{5{4‘3;
4P ‘ . - ‘ : .
Sed de hoc calu paullo infra redxbxt fermo. v

Ponamus modo Ce.¢ ,hoc eft — 'i__-;ﬁ‘:‘z?,ﬁ:ﬁicei ﬁhu«i ‘
. . . £ Ry : )‘ R ; .

2.4 % '-
. p . o indvi
toti. Proveniet b—24 , & trinomium hanc formam induit
2 > . S ,
2P —2a? zp o d =o. Manifeftum eﬂ)?o: ergo ulti-
mum trinomium refolvitur in fequentia trinomia fecundi gradus

-~ . — i AC '
z*{=zC-r.P_04+ﬂ,44—z uc.%.zﬂ—a,z(—-—zuc-; Tta,

—1.C

=°...e.,.zz—ch.£~ N

P 3 .
Defcribe circulum, cnjus radins = 4, & fallo (Fig.1, 2)
initio in pun@o 1 divide totam circumferentiam in partes z p,
ut feicircumferentia in partes p divifa reperiatur . In fingulisdi-
vifionis puné&lis ordinatim’appone numeros, ut figura manifeftat,
Liquet punétis omnibus , quz fignata funt numeris imparibus ,

. c 2c
refpondere cofinus quafitos : arcus enim 13 =— —, I5== — :

P

atque ita deinceps.

" Si refte animum advertas , cognofces , bis femper reperiri
eumdem cofinum : nam cuilibet arcui minori quam femicircume
ferentia refpondet arcus eadem major, qui przditus eft eodem..

cofinu . Exipiendus tamen eft arcus = o, cujus cofinus = o°, &

. . . : (4 .
ubi p fit numerns par, excipiendus eft arcus — —,hoc eft femi-

circumferentia; horum enim arcuum cofinus reperiuntur femel .

Verum arcus hujufmodi przbent trinomia z x —2.4° 5+ 4 5

X% -+242-+a, quz quadrata funt, & quorum radices exe
trahi poffunt. Quapropter fatis erit dividere femicircumferen-
“tiam



Opufiutim 1L~ 191

tiam in partes p fallo initio a punflo 1, & accipere cofinus 0s
mnium arcom definentinm in pun&a fignata numeris imparibus,
& ex his efformare trinomia, quz ernat hujufmodi - S

33—2Cc. S uzta,3x—2Ce. 2izta & cetera. Noftrum
jtaque trinomium refolubile eft in hzc trinomia elata ad poteftas
tem quadraticam , addito femper trinomio 232 £ 24, &
fi p fit par, etiam trinomio z 3+ 2 iz ~+ 4. Habemus ergo

zquationem : '
P 2 -~
Pz 2 P c
Z ozt =5 —2Cer—esta.z35—2Cc ——‘zc'i"“"”‘

2

22—3Cc. 35 2a &een.z5—2 :;2{1'/;.*(7\%:45(-4—4."

Trinomium ultimum, cui oppafii* . addendum nen eft ynifi p.
fuerit par. Igitur extrafta radice h{E{eblmus e
P -

?\P__,;Z_:gg-—z(:c.-;—%——}—a . ((ﬂchl.%ﬁ.zhy,‘,. &

2 Cc.i—v. sba & ce. z— adFgtdt.
L _——a", feilicet
202

Demum ponamus Ce.@ hoc eft

. 2 .
finui toti negative fumpto , & trinomium hoc nafcetur
P

2 P P . ‘. A
s Py a5 -4 =o0.Evidens eft, arcum @ zquare circums

. « ey ¢ ;. - . .
ferentiz dimidium nempe — —. Quare habes trinomia , 1.
. 2

quz fit refolutio, nempe ' S
23—2Ce. - qta35—2Co. 20 aCeiliat
%% ch.ZP./,h,?;z ch,zp.zhz,zz zC‘c.zp.z—i—{a

se e
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§ ¢ v 6 8@ -aluozle""ZCCozp;_Plifa z"“{-a.

Initio fato a pun@o 1 integram circumferentiam divide.s
in paries 2p,& numeris naturalibus ordinatim figna pun&a di.
vifionis, ut fafum. eft antea. Cofinus accipiendi {unt eorum.,
arcuum, quorum termini a numeris paribus definiuntur . Nam arcus

¢ . .
12 = —C-—, 14= i—, atque ita de reliquis.
2 2

Hic quoque evenit, ut bis cofinus finguli fint capiendi ;
exiftunt enim femper duo arcus unus minor, alter major femi-
circumferentia; qui enmdem cofinum habent. Excipe tamen dj.
midium circumferentiz, cujus cofinus non ingreditur in trino-

mia, nifi p fuerit impar: quo in calu quum cofinus —— 4°

refultabit trinomium 2 2 +2 &’z -+a, quod cft quadratum pradi-

tum radice 2+ a”; Quare fatis eft dividere femicircumferentiam
in partes p, facto initio ab z, accipere cofinus arcuum definens
tiusl in numeros pares; & ex his formata trinomia elevare ad

quadratum, quibus addendum eft trinominm z 2124’54,
fip fitimpar .
Hoc modo obtinemus zquationem
p 2 2

2 - !
2 T 4’{“”:2 z——ch.f—.@'a 332 Cc.ﬁ.q‘hz .
2p 2p

2

253—2Cc.3 . 544 & ce. * zz;{—-zaiz—}—a . Signum *

2p :
denotat trinomium non effe fcribendum , nifi exiftente p impari .
Extrahatur, radix quadrata
P

P i .
Z et = Kz~ch._€_.z+a.zq—ch°£. z-ta.
2p 2p

zp
Ex
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Ex his facillima, atque expeditiffima fluit demonftratio ce«
leberrimi theorematis cottefiani ;quod tu iple cognofces, ubi pro-
batum fuerit fequens lemma. In circulo, cujus centrum C, ra-

dius CA = 4%, affumpto quolibet ( Fig,3,4”) pundto B, voces
tur CB=—2 ; agatur quelibet BD, & demittatur D E, quz fic
finus arcus A D, fiat antem cofinus CE =« ajo
BD=yzz—axz -+ 4.Liquet E D'=a—uxx s

BE =77 x, figna {uperiora valent in tertia, iafericra in,

quarta figura : ergo BE;:z%——zxz-—l— xx: €rgo
B Dz:{(.-——zxz-%ﬂxx—[—g —Zz—axg-ad, &

Ao as
AR

BD = /g5— 253+ «. Quod erat Dem.
. Deinceps arcus indicabo per numeros, a quibus { Fig.1, 2)
in figuris terminantur. Paullo ante probatum eft

r

2 - J i : .
2 ')—2 a* zp -+ a[: z g—ch.o';;z+4,22;—~zGc. 13.2%a
zz—2Cc.15.2+ 2 & ce., donec circumferentia integra ex=
hauriatur. Seca CB=—=2z, & fiet

(Sl

1P -
gz —2a

zP+aP:Blz.Bgz. Bsz& ce. , & extrala rae
[4 .

) P
“dice =2 ¥ 2>=By.B3.Bj5 &ce
Probatum item eft antea

L p
Z"P+ 14 Fa :—:,_g_—ch. 12.2+a. 22—2Ce., 14.%+a
zz~~2Cc. 16.2+4 4 &ce. donec exhaufta fuerit omnis cir-
cumferentia : igitur -

P

. o b 2 2 2 .

P bz a? {»}-a =B2 .B 4 . B6 &ce. extraltaque radice

2
2

=B2.B4.B6&ce. Quod Erat D.
Bb _ - Simie

p
Z -4
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Simil's conftru&tio accommodari etiam potelt trinomio
:(:P——-bzp +_41), ‘quoties b6 < 4 Etenim feca arcum A D,

: , : ; :

—,-qui arcus erit minor

~—1

(Fig.s.) cujixs cofinus ==

2.a?* :
quadrante , fi 4 fit pofitiva, major, fi 4 fit negativa. Hunc
arcum divide ia partes p , quarum prima ficr A1 . Ex puan.
&o 1 incipe dividere circumferentiam in_partes p in punélis
2, 3, 4 & ce. Cofirus arcunm 8, A2, Az & ce. politiin
trinomio >z — 2%z -2, exhibent trinomia realia, in qua fir

relolutio: igitur falta C B ==z, actilque B, B2, B3 & ¢,

nancifcemur :-;2[) —-—./;zp~~1— a’”:B rz. B:2.B 39. & ce. Quod
erat Inven. .

Qmmguam ea, quam tradidi, in trinomia realia refolutio
nova non eft, fed a plarions demonftrata jtamen non injucunda,
neque inclegans vila elt merhodus, qua eamdem deduco ab 2qua-
tigae recipiente radicem cardasicam. Hujufce zquationis fortaf-
{e amplior eft utilitas, arque ulus: {ed in prafentia rem perfequi
non vacat. Si hac, quz ad te {cribo, fuerint tuo judicio pro-
bara , nonnihil otit, fi quid dabitur,in hifce inquirendis confu-
mam . Vale

Bononiz poftridie Kal. Septembris 1757. Corcyram ad Franci-
{cum Benaleam .

FINIS§ OPUSCULORUM.
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INDEX AUCTORUM
Quorum mcutio_’ﬁt in_hpc;volumine.

Numerns pagingm indicat ,

AGnera Cajetana Mariz. 21
Allembertus. 22, & feq., 29, 52., 86
Auttor Opulculorum. 29, 31, 179, 185 , 186, 188

Bernonllius Jacobus. 51
Bernoullius Joannes. 1, 51

rs

Cazreus. 177
Cottefius Ruggerins. 188, 102

Eulerus Leonardus. 33

De Fagnanis Comes Julins Carolus. 36, 40, 51, 120, 121,
1224 £37

Fermatius Petrus. 177, 179, 182

Galileus Galileus. 177, & feq.

Mac-Laurinus Colinus. §1°
Manfredius Gabriel. 10, 20.
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INDEX RERUM,
Qua in hoc volumine continentur .

Numerns paginam defignat .

n Equationibus feparantur indeterminatz, fi he, & earum dif-

E ferentialia unicam habent dimenfionem. 17;-& feq., zr

Idem fit, licet elementa ad altiores potefiates alcendant,
17,& feq.

Idem it aliquando, tametfl una ex indeterminatis fantum
linearem dimenfionem obtineat. 20

- . - . ol . - - 7 -
Jquatio differentialis {uperioris gradus, ubi @ x,& yhabent di-
menfionem lincarem, ad quamcumque poteftatem afcendant

d },{, ,1"1 ! », recipit indererminatarum feparationem. 24,
& {eq. ) '
A quatio ,qin qua d'x ett linearis, licet » fit ad altiorem potefta-
tem ¢levata, reducitur ad zquationem primo-differentialem.
29, & feq.
Hlquationes, quibus eft radix una fimilis cardanicz, formula ge-
nerali exprimuntur. 188
Argumentum , quo Galileus refellic hypothefim velocitatis pro-
portionalis fpatio, examinatur. 177, & feq.
Argumentum idem clarius exponitur. 178
Idem in dubium revocatur. 179, & feg.
Idem fallax oftenditur. 183
Arcus parabolici determinantur, quorum differentia reétificabilis
efl. 37, & feq.
Eliyptici. 42, & feq., 65, & feq.
Hyperbolici . 46, & feq., 63, & feq.
Areus ellyptici, & hyperbolici inferviunt integrationi formula-
ram, V, Formula, A
Aflymptoti, & hyperbolz in infinitum produétw differentia finie
ta eft, atque affignatur. 49

Bi-
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Binomia in fadtores reales refolvuntur fecundi gradus. 188 , & feq:

Circularis penduli tempus per conftru&tionem oculis {ubiicitur.
‘1374 & feq. o

Circuiﬁr‘c %endulum minimas . vibrationes peragens ilochronum..
ell. 100

Conicarum fe€tionum arcus habentes differentiam_re&ificabilem
definiuntur. 36, & feq., 63, & feq., 65, & feq.

Conicarum fectionum retificatio utilis eft ad formulas integran=
das. V, Formula. '

Cottefianum theorema demonftratur. 193

Differcntia temporam eriam infini 5 qui ipothe-
fi velocitatis crefcentis, ut {patinm, conficiuntur fpatiain ra-
tione dupla ; finita eft . 183

Differentia duorum arcuum fectionis conicz , qui aflignantur , al-
gcbraé:'a?t recipit integrationem. 36, & feq., 63, & feq.,

3 eq.

Diﬁ'cren;:ia int‘gr affymprotum , & ‘hyperbolam in infinitum pro-

duétam affignaturs 49 ‘

Ellypfis arcus duo affignantur , quorum differentia eft alge-
braice re&ificabilis. g2 , & feq., 65, & feq.

Formula _d_“{_\_/_i__’*_:_%‘_&_‘g in omni cafu integratur reGificatis el
VPR '
lypi, & hyperbola. st, & feq.
Formulz aflignantur , quarum integratio dependet a re&ificatios
ne ellypfis & hyperbolz. 86, & feq.
Formulz aliquot per arcus etlypticos , & hyperbolicos ad cons

firu&tionem perducuntur. 120, & leq.
Formula generalis traditur exhibens zquationes omnes habentes

unam radicem fimilem cardanicz . 188,

Galilei ratio. V. Argumentum.

Hyperbolz arcus duo affignantur habentes differentiam reétificabi-
lem. 46 , & feq.,63 5 & feq. Hy-
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Hyperbolz, ejufque affymptoti in infinitum produi determing.
" tor differentia. 49 ] L -
in. Hypothefi velocitatis {patio proportionalis neceffarium eft in.
finicum tempus ad conficiendum fpatlur_n finitam. 181, 183
In eadem fpatia etiam minima in ratione dupla conficiun.
tur temporibus, quorum differentia finita eft 183,

Indeterminatarum feparatio. V.7Equatio,

Inflantaneus motus non confequitur ex hypothefi velocitatis fpa.
tio proportionalis. 182

1fochronifmus circularis penduli conficientis arcus’ minimos per
conftru&ionem probatur. 160

Ifochronilmus idem in pendulo parabolico oftenditur. 162

Lemnifcata reftificatur per arcus ellypticos , & hyperbolicos .
120, & feq.

Motus inftantaneus non Huit ab hypothefi velocitatis proportios
nalis {paric. 182. .

Parabola arcus duo aflignantur prediti differentia re&ificabili .
37, & feq. i

Parabolici penduli tempus conftruftione determinatur. 162

Parabolicum pendulum minimas vibrationes faciens ilochronum
elt, 162 '

Penduli circularis tempus per conftru&tionem exprimitur. 157

Penduli circularis ifochronifmus in arcubus minimis ex conftru-
_&tione oftendityr. 160 o

Pendulum parabolicum. V. Parabolicum pendulum.

Ratio Galilet. V. Arpumentum . :

Rectificatio lemnifcatz obtinetur re&ificatis fe@ionibus conicis.
120, & feq.

Reduétio =quationis differentialis altioris ordinis ad primo-diffe-
rentialem. 19, & feq.

Refolutio binomiorum, & trinomiorum aliquot in fa&tores fecun-
di gradus reales. 188, & feq.

Se-
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io mdetermmatarum V JEquat:o.

yietum aliquot algebraicarum terminus generahs invenitur %
186, & feq.

m ﬁmtum i velocitates fint ut fpatla ncn conficitur nifi
empore infinito 181, 183,

orum differentia, quibus in hypothefi velocitatis crefcen-
is, ut fpatium, conﬁcxuntur quzcumque fpatia in ratione
upla, femper finita eft. 183

pus, quo in eadem hypothefi finitum fpatium conficitur,.
ft infinitum. 181, 183

us ofcitlationis penduli circularis per conftruftionem oculis
ubiicitur. 1

s penduli parabolici eodem modo patefit, 16z
tnus generalis quarumdam ferierum exhibetur. 186, & feq.
Theorema Ruggerii Cottefii oftenditur. 193

Tringmia aliquot in faftores reales fecundi gradus refolvuntur.
Cg88 ) & feq.
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ROMUALDUS ROTA E SOCIETATE ]_E_SU
In Provincia Veneta Prapofitus Provincialis.

Um Librum, cai titnlos = VINCENTII' RICCATI Opufcnle.

rum ad res Phyficas, & Mathematicas pertinentium Tomus Se.
cundns =, a Patre Vincentio Riccati Noftre' Socictatis Sacerdote
confcriptum, aliquot ejuldern Societatis Theologi recognoverint, &
in Incem edi pofle probaverint, poteftate nobis a R P..N. Laurentia
Ricci Prapolito Generaliad id tradita , facultatem concedimus, uc Ty.
pis mandetur, fi ita iis, ad quos pertinet, videbitur. Cujus rej gratia
baslitteras manu noftra fublcriptas, & figillo noftro munitas dedimus,

Bononie die 9 Febrnarii 1761,

Romualdus Rota..

7idit D, Jofepb Muaria Vidari Cleriens Regularis Sanfli Panlli y & in Ec-
clefia Metropolitana Bononie Panitentiarins pro Emincnriffimo, € Re-
werendiffimo Domino D. Vincentio Cardinali Malvetio Archiepifcope Bono-
wie, & §. R, L Principe.

< Die 25. Fanuarii 1761.
A. R. P. Carolus Maria Offtedi Ordinis Theatinorum Publicus Unis

verfitatis Bononiz Profeflor, & San@i Officii Revifor Ordinarius
yideat pro Sanfto Officio, & referat,

Fr. Tomas Maria de Angelis S.0ff.Bonon.Generalis Inquifit,

Nihil orthodoxz fidei contrarium, nihil bonis moribus repugnans con-
tinet liber inferiptus == Opnfenlornm ad res Phyficas, ¢5° Mathemati-
cas pertinentium Tomus Secundus, = cujus eft auéor Vir Clariflimus,
& in Mathematicis difciplinis verfatifimus Pater Vincentius Ricca-
ti Soc. Jefu,quemque de mandato Reverendifs, P. Inquifitoris Gene-
ralis Bononiz attente perlegi. Quapropter dignum ceafeo, ut publi-
ca luce donetur, '

Bononiz ex Domo S. Bartholomai Apofioli prid. id. Feb. 1761. :

D. Carolus Maria Offredi C. R, Leéfor Pubi & §. Q. Rewifor Ord,

Die 12, Febryarii 1761,
Attenta fuperpofita atteftatione.
IMPRIMATUR,

Inguifitor Generalis Santti Officii Bononie .






